THE FACTORIZATION
NORM AND AN INVERSE

THEOREM FOR MAXCUT

lgor Balla

Based on joint work with Lianna Hambardzumyan and Istvan Tomon




Communication complexity

Given an m x n Boolean matrix M and coordinates z, v,
suppose that we have two players, Alice and Bob such that
Alice receives x and Bob receives y. Alice and Bob take turns
sending one bit of information to each other, until they have
enough information to be able to determine M ,,.




Communication complexity

Given an m x n Boolean matrix M and coordinates z, v,
suppose that we have two players, Alice and Bob such that

Alice receives x and Bob receives y. Alice and Bob take turns
sending one bit of information to each other, until they have
enough information to be able to determine M ,,.

o

Y

M =

\




Communication complexity

Given an m x n Boolean matrix M and coordinates z, v,
suppose that we have two players, Alice and Bob such that

Alice receives x and Bob receives y. Alice and Bob take turns
sending one bit of information to each other, until they have

enough information to be able to determine M ,,.
Y

el \

\ /




Communication complexity

Given an m x n Boolean matrix M and coordinates z, v,
suppose that we have two players, Alice and Bob such that

Alice receives x and Bob receives y. Alice and Bob take turns
sending one bit of information to each other, until they have

enough information to be able to determine M ,,.
Y

el \

\ /




Communication complexity

Given an m x n Boolean matrix M and coordinates z, v,
suppose that we have two players, Alice and Bob such that

Alice receives x and Bob receives y. Alice and Bob take turns
sending one bit of information to each other, until they have

enough information to be able to determine M ,,.




Communication complexity

Given an m x n Boolean matrix M and coordinates z, v,
suppose that we have two players, Alice and Bob such that

Alice receives x and Bob receives y. Alice and Bob take turns
sending one bit of information to each other, until they have

enough information to be able to determine M ,,.




Communication complexity

Given an m x n Boolean matrix M and coordinates z, v,
suppose that we have two players, Alice and Bob such that
Alice receives x and Bob receives y. Alice and Bob take turns
sending one bit of information to each other, until they have

enough information to be able to determine M ,,.
I

\ /

The particular choices of what bits to send in each round and
what answer to output is called a protocol and its length is
the maximum over all inputs z, y, of the number of rounds

M_

needed to output an answer.




Communication complexity

Given an m x n Boolean matrix M and coordinates z, v,
suppose that we have two players, Alice and Bob such that
Alice receives x and Bob receives y. Alice and Bob take turns
sending one bit of information to each other, until they have

enough information to be able to determine M ,,.
Y

\ /

The particular choices of what bits to send in each round and
what answer to output is called a protocol and its length is
the maximum over all inputs z, y, of the number of rounds

needed to output an answer.
The communication complexity CC(M) is the minimum length

of a protocol that always successfully outputs M ,.
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Fact: M can be partitioned into at most 2¢¢(M) constant
submatrices.

Thus if M has bounded communication complexity, then it
must have a linear-sized all-ones or all-zeroes submatrix.

The randomized communication complexity RCC(M) is the
smallest ¢ such that there exists a probability distribution over

protocols of length at most ¢ such that for any input x,y,
Prloutput = M (x,y)] > 2/3.

Conjecture 1 (Hambardzumyan, Hatami, and Hatami 23): A
Boolean matrix with bounded randomized communication
complexity must contain a linear-sized constant submatrix.
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The trace norm ||M||;, is defined to be the sum of the singular
values of M. The normalized trace norm is defined to be 124l
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The approximate trace norm ||M]||;, /5 is defined to be the
minimum of ||M’||;; over all matrices M’ such that for all z, v,
we have |M, , — M, | <1/3. The normalized approximate

trace norm is defined to be Mller1/3
A/ TN

Theorem(Linial and A. Shraibman 09):

RCC(M) > 0 (1og ”MJ%“) .

Thus Conjecture 1 would follow if one could establish that a
Boolean matrix with bounded normalized approximate trace
norm must have a linear-sized constant submatrix.
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Given an m x n matrix M over the reals, the factorization

norm 72 is defined as

() = min U lowl VIlea

where ||U||;ow denotes the maximum ¢; norm of a row of U and

|V||co1 denotes the maximum ¢5 norm of a column of V.

Conjecture 3 (Hambardzumyan, Hatami, and Hatami 23): A
Boolean matrix with bounded 72 norm must contain a linear-
sized constant submatrix.
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and 3 hold. In particular, any n x n Boolean matrix M with
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Theorem (B., Hambardzumyan, and Tomon): Let y > 3 and n be
sufficiently large with respect to y. Then there exists ann X n
Boolean matrix M such that y,(M) < y, and M contains no ¢ X ¢

constant submatrix for ¢ > 277 3n.
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matrix M such that the bipartite graph it represents has
degeneracy d and is 4-cycle-free, we have y,(M) = @(\/Zl).

Theorem (Hunter, Milojevi¢, Sudakov, Tomon 25): For any &,
there exists ¢, > 0 such that if G is a bipartite graph of average
degree d having no 4-cycle-free induced subgraph with
average degree at least k, then G contains a subgraph on at

most d vertices with at least c,d” edges.

Stronger Main Theorem (B., Hambardzumyan, and Tomon): For
any y, there exists ¢, > 0 such that it an n X n Boolean matrix M
has m one-entries and y,(M) = y, then M must containat X ¢

all-ones submatrix where r > c},m/n.




MaxCut

Theorem(Edwards 73, 75): Any graph G with m edges has a
MaxCut of at least m/2 + (\/Sm + 1 — 1)/8, with equality

whenever G is a complete graph on an odd number of vertices.




MaxCut

Theorem(Edwards 73, 75): Any graph G with m edges has a

MaxCut of at least m/2 + (\/Sm + 1 — 1)/8, with equality

whenever G is a complete graph on an odd number of vertices.

Theorem (B., Hambardzumyan, and Tomon): If A is the

adjacency matrix of a graph with m edges, then its MaxCut is at
least m/2 + Q(||A] | )-




MaxCut

Theorem(Edwards 73, 75): Any graph G with m edges has a
MaxCut of at least m/2 + (\/Sm + 1 — 1)/8, with equality

whenever G is a complete graph on an odd number of vertices.

Theorem (B., Hambardzumyan, and Tomon): If A is the

adjacency matrix of a graph with m edges, then its MaxCut is at
least m/2 + Q(||A] | )-

Theorem (B., Hambardzumyan, and Tomon): If a graph with m
edges has MaxCut at most m/2 + a\/%, then it contains a
cligue of size 2_0(“9)\/E.
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Operator theory and harmonic analysis

In operator theory, it is an open question to characterize
idempotent Schur multipliers in terms of contractive
idempotents.

A blocky matrix is any Boolean matrix with the property that
after permuting the rows and columns, it is a block diagonal
matrix with each block being an all-ones rectangle.

Conjecture 4 (Hambardzumyan, Hatami and Hatami 23): A
Boolean matrix with bounded Y2 norm must be a t1-linear
combination of a bounded number of blocky matrices.

For matrices which can be written as M, , = f(z — y), where
f : G — R is a function on a finite group G, conjecture 4
follows from Cohen's idempotent theorem.
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Operator theory and harmonic analysis

Uses our main theorem.

Theorem (Goh and Hatami 25): For any Boolean matrix M
having m many one-entries, there exists a blocky matrix B with

220(7)

at least m/ one-entries, where y,(M) = y, such that B is

contained” in M, i.e. B, , < M, | tor all x, y.

Theorem (Goh and Hatami 25): Any n X n Boolean matrix M
with y,(M) = y is a = 1-linear combination of at most
20(7’7)(10g 1n)* blocky matrices.
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Theorem (B., Hambardzumyan, and Tomon): For any symmetric
matrix M with zeroes on the diagonal, we have

Yo (M) < =24 (M).

Theorem (B., Hambardzumyan, and Tomon): For any 4, there
exists ¢, > 0 such that if a graph has average degree d and

smallest eigenvalue 4, = — A, then it contains a clique on at
least c,d vertices.
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For an n X n Boolean matrix M, we define its density p(M) to
be the number of ones divided by n°.

Key Lemma: Let M be a nonzero n X n Boolean matrix with
p(M) < 1/2 and y,(M) < y. Then M contains an n’ X n’ submatrix
M’ such that y,(M") <y — Q(1/y), n' > 27D, and p(M’) < 1/2.

Proof of Main Theorem (assuming the Key Lemma): Note that
it suffices to show that if p(M) < 1/2, then M has an n’ X n’ zero

. , B e
submatrix where n’ > 2790y,
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Indeed, if p(M) > 1/2, then we can instead apply the argument
that will follow to J — M (since y,(J = M) < y,(J) + p,(M) =y + 1
and p(J — M) < 1/2) to get a linear-sized zero submatrix of

J — M, which corresponds to an all-ones submatrix of M.

Now assume p(M) < 1/2 and as long as we don't get a zero

matrix, repeatedly apply the Key Lemma to get a sequence of
submatrices.

There exists a constant ¢ > 0 such that at each step, the y, norm
shrinks by at least c/y.

On the other hand, the y, norm must be nonnegative, so after at

most [y?/c] steps, we must get an n’ X n’ zero matrix.

Since the dimensions of our matrix only shrink by a factor of

2700 at each step, we have n’ > 20(7’3)11, as desired.




Goal: Give a sketch of the proof of the Key Lemma




Goal: Give a sketch of the proof of the Key Lemma

Given an m X n Boolean matrix M and a factorization M = UV,

let uy, ..., u, be the rows of U and v, ..., v, be the columns of V.




Goal: Give a sketch of the proof of the Key Lemma

Given an m X n Boolean matrix M and a factorization M = UV,

let uy, ..., u, be the rows of U and v, ..., v, be the columns of V.

Also let d; be the number of ones in the ith row of M and let d;

be the number of ones in the jth column of M .




Goal: Give a sketch of the proof of the Key Lemma

Given an m X n Boolean matrix M and a factorization M = UV,

let uy, ..., u, be the rows of U and v, ..., v, be the columns of V.

Also let d; be the number of ones in the ith row of M and let d;

be the number of ones in the jth column of M .

m
We say that the row r is brilliant if u, # 0 and Z (it 132>l
i=1




Goal: Give a sketch of the proof of the Key Lemma

Given an m X n Boolean matrix M and a factorization M = UV,

let uy, ..., u, be the rows of U and v, ..., v, be the columns of V.

Also let d; be the number of ones in the ith row of M and let d;

be the number of ones in the jth column of M .

m
We say that the row r is brilliant if u, # 0 and Z (it 132>l
i=1

Similarly, column c is brilliant if v. # 0 and Z vy >d.

C
=]




Goal: Give a sketch of the proof of the Key Lemma

Given an m X n Boolean matrix M and a factorization M = UV,

let uy, ..., u, be the rows of U and v, ..., v, be the columns of V.

Also let d; be the number of ones in the ith row of M and let d;

be the number of ones in the jth column of M .

m
We say that the row r is brilliant if u, # 0 and Z (it 132>l
i=1

Similarly, column c is brilliant if v. # 0 and Z v vy

C.

5
Also recall that the Frobenius inner product of matrices
(B E — ZAZ-,J-BI-,J- satisfies (xxT, yyI)g = (x, )"
L]
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Lemma: Let M be a nonzero Boolean matrix and let M = UYV.
Then there is either a brilliant row or a brilliant column.

Proof: Assume for sake of contradiction that there are no
brilliant rows or columns.

Then 0< ZuruT Zvrv;

a=l
m n n

2

1
N2 19
>4 ’muz _I_ 5 <UC7UJ>
1 ==l '

’L:

m n

<§:dr+§n:d’c—2 DM
1 G=1: —-1 T T= ]

(]

n

However, 2 d, 2 d., and ij all count the number of

ones in M, a contradlctlon.
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Key Lemma: Let M be a nonzero n X n Boolean matrix with
pM) < 1/2 and y,(M) < y. Then M contains an n’ X n’ submatrix
M’ such that y,(M") <y —Q(1/y), n’ > 27D, and p(M’") < 1/2.

Proof Sketch: The discrepancy of M is large since y,(M) is
small, and since p(M) < 1/2, we can replace M by an n, X n,
submatrix M) such that n, > 27°“n and each row or column

of MY has at most 0.1n, ones.

Let UOVO) = MO pe a factorization such that || U]
and [ VO | o) < 1/7-

Repeat the following procedure. Suppose MY = UWVW is

row — \/7_'

already defined, where the size of MY is m. X n.. Stop if either (a)
MY is an all-zero matrix, or (b) n; < ny/2, or (c) m; < my/2.
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Case 1: If there is a brilliant row 7, then let u, ..., u, be the

rows of UW,

Detine u; to be the projection of u; onto the orthogonal

complement of u,, i.e. (U, U;)
J g
| 12, ] |

Let Ut be the matrix whose rows are u/, ...,u/, and let VD

be the submatrix of V" obtained by keeping only the columns
which are orthogonal to u,.

Now let M+ = y+Dy+D 5nd observe that M+ = Oyt
so MV is a submatrix of M.

Moreover, MtV is an m, X (n, — t,) matrix, where ¢, is the

number of one entries in row r of M.
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and thus
t

U] = leull <leull -3 e < 1001 =
e

where the Iast mequallty follows since row r is brilliant.
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and thus
m; m; 1 m;
/ 2 I 12 2 112
U =Y (1wl P < Y [l —;Zwr,upzsuymlr
j=1 j=1 j=1

where the last inequality follows since row r is brilliant.

L;
/i
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Case 2: If there is no brilliant row, then by the previous lemma,
there is a brilliant column and we proceed similarly to the

previous case (but with roles of U and V reversed).




Now we compute t

Ay
)] | =

and thus
m; /.

m. m.
: ! l 1 :
2 42 2 2
HUSPIR = ) HwlP < ) gl P == ) (u.u)* < [|UD||E ==
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where the last inequality follows since row r is brilliant.

Case 2: If there is no brilliant row, then by the previous lemma,
there is a brilliant column and we proceed similarly to the

previous case (but with roles of U and V reversed).

Note that this process must stop at some point since at each

step, we are making a vector 0 by projecting. So let I be the
step at which the process stopped.
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Since at each step we lose at most 0.1#n, rows or columns and
we didn’t stop at step / — 1, we must have m; > 0.4m, and

n; > 0.4n,.

If (a) happens, i.e. M\!) is a zero matrix, then we are done by

taking any .4n, X .4n, submatrix of M.

Otherwise suppose that (b) happens, i.e. n; < ny/2.




Since at each step we lose at most 0.1#n, rows or columns and
we didn’t stop at step / — 1, we must have m; > 0.4m, and
n; > 0.4n,.

If (a) happens, i.e. M\!) is a zero matrix, then we are done by

taking any .4n, X .4n, submatrix of M.

Otherwise suppose that (b) happens, i.e. n; < ny/2.

Note that if at some step there are no brilliant rows, then there
will also be no brilliant rows in all future steps (in case 2, the
process only removes rows and so, it can never make a row
brilliant).




Since at each step we lose at most 0.1#n, rows or columns and
we didn’t stop at step / — 1, we must have m; > 0.4m, and
n; > 0.4n,.

If (a) happens, i.e. M\!) is a zero matrix, then we are done by

taking any .4n, X .4n, submatrix of M.

Otherwise suppose that (b) happens, i.e. n; < ny/2.

Note that if at some step there are no brilliant rows, then there
will also be no brilliant rows in all future steps (in case 2, the
process only removes rows and so, it can never make a row
brilliant).

Thus (b) can only happen if we were always in case 1 and so we
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Y
rows of U’
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Now let U’ be the submatrix of U'”) obtained by keeping only

rows u that satisty || u| \2 <y-— wie and let m’ be the number of
Y
rows of U’
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Thus N’ = UV is an m’ X n; submatrix of M such that
) < U row! VPl eol < V7 = U@ -f7 = 7 — Q1)
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Therefore |1UY] = [ UD] = Z;l = no}’—z—y-
=0

Now let U’ be the submatrix of U'”) obtained by keeping only
rows u that satisty || u| \2 <y —— and let m’ be the number of

4y
rows of U'.

1 D112 1 ng
Thenng Ly =—L} = [ [[U ||z = (ngi—nt) }/—4— ,som’' > —.

2y 4 - 4y?

Thus N’ = UV is an m’ X n; submatrix of M such that
) < U row! VPl eol < V7 = U@ -f7 = 7 — Q1)

Since n; > .4n,, each row of N" has at most 0.1n, < n;/2 ones
and hence p(N’) < 1/2.




Finally, let m = min(m’, n;) > no/(4y2) > 2790y and note that on

average, a random m X m submatrix N of N’ will satisty
p(N)I< 172
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Choose such a submatrix N.




Finally, let m = min(m’, n;) > no/(4y2) > 2790y and note that on

average, a random m X m submatrix N of N’ will satisty
p(N)I< 172

Choose such a submatrix N.

N is the desired matrix since y,(N) < y,(N') <y — Q(1/y).




Finally, let m = min(m’, n;) > no/(4y2) > 2790y and note that on

average, a random m X m submatrix N of N’ will satisty
p(N)I< 172

Choose such a submatrix N.

N is the desired matrix since y,(N) < y,(N') <y — Q(1/y).

The scenario in which (c) occurs can be handled in a similar way.
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