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Communication complexity
Given an            Boolean matrix      and coordinates       , 
suppose that we have two players, Alice and Bob such that 
Alice receives    and Bob receives   . Alice and Bob take turns 
sending one bit of information to each other, until they have 
enough information to be able to determine         .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M <latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x <latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="ZefCO6TrwfHVlXuWD2pIJQpexmA=">AAAB7nicbZDLSsNAFIZPvNZ6q7oUJLQILqQkIuoy4MaNUMFeoA1lMpm0QyczYWYihtCVT+DGhSLizudx56O4c3pZaOsPAx//fw5zzgkSRpV2nC9rYXFpeWW1sFZc39jc2i7t7DaUSCUmdSyYkK0AKcIoJ3VNNSOtRBIUB4w0g8HlKG/eEamo4Lc6S4gfox6nEcVIG6t53c3vj7Nht1Rxqs5Y9jy4U6h45feH74NQ1Lqlz04ocBoTrjFDSrVdJ9F+jqSmmJFhsZMqkiA8QD3SNshRTJSfj8cd2ofGCe1ISPO4tsfu744cxUplcWAqY6T7ajYbmf9l7VRHF35OeZJqwvHkoyhlthb2aHc7pJJgzTIDCEtqZrVxH0mEtblQ0RzBnV15HhonVfesenrjVjwPJirAPpThCFw4Bw+uoAZ1wDCAR3iGFyuxnqxX621SumBNe/bgj6yPH+OEkvU=</latexit>

Mx,y

<latexit sha1_base64="3CvCZ9/5WebmOExHYDVI0Jdgg8c=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcsDG8sI5gOTI+xt9pIlu3vH7p4QjrT+AhtBRWz119j5Q+zdfBSa+GDg8d4Mb2bChDNtXPfLya2s5gtrxfXSxubW9k55d6+h41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNO6o0i+WNGSU0ELgvWcQINla6FahjmKAayW654lbdKdAy8eak4heevuXHfb7WLX92ejFJBZWGcKx123MTE2RYGUY4HZc6qaYJJkPcp21LJbYxQTbdeIyOrNJDUaxsSYOm6u+JDAutRyK0nQKbgV70JuJ/Xjs10UWQMZmkhkoyC4pSjkyMJuejHlOUGD6yBBPF7K6IDLDCxNgnlewTvMWTl0njpOqdVU+vvYrvwwxFOIBDOAYPzsGHK6hBHQhIeIBneHG08+i8Om+z1pwzn9mHP3DefwCysZP3</latexit>m⇥ n



Communication complexity
Given an            Boolean matrix      and coordinates       , 
suppose that we have two players, Alice and Bob such that 
Alice receives    and Bob receives   . Alice and Bob take turns 
sending one bit of information to each other, until they have 
enough information to be able to determine         .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M <latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x <latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="ZefCO6TrwfHVlXuWD2pIJQpexmA=">AAAB7nicbZDLSsNAFIZPvNZ6q7oUJLQILqQkIuoy4MaNUMFeoA1lMpm0QyczYWYihtCVT+DGhSLizudx56O4c3pZaOsPAx//fw5zzgkSRpV2nC9rYXFpeWW1sFZc39jc2i7t7DaUSCUmdSyYkK0AKcIoJ3VNNSOtRBIUB4w0g8HlKG/eEamo4Lc6S4gfox6nEcVIG6t53c3vj7Nht1Rxqs5Y9jy4U6h45feH74NQ1Lqlz04ocBoTrjFDSrVdJ9F+jqSmmJFhsZMqkiA8QD3SNshRTJSfj8cd2ofGCe1ISPO4tsfu744cxUplcWAqY6T7ajYbmf9l7VRHF35OeZJqwvHkoyhlthb2aHc7pJJgzTIDCEtqZrVxH0mEtblQ0RzBnV15HhonVfesenrjVjwPJirAPpThCFw4Bw+uoAZ1wDCAR3iGFyuxnqxX621SumBNe/bgj6yPH+OEkvU=</latexit>

Mx,y

<latexit sha1_base64="9saslVPlNbhXIDMhjG7hJy+16Y4=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVE3YsGFboQK9gLtUDJp2oYmmSHJCHXoK7hxoYhbtz6FT+DOpW9ipu1CW38IfPz/OeScE0ScaeO6X05mbn5hcSm7nFtZXVvfyG9uVXUYK0IrJOShqgdYU84krRhmOK1HimIRcFoL+hdpXrujSrNQ3ppBRH2Bu5J1GMEmta7RGWrlC27RHQnNgjeBwvnH/ffl+05SbuU/m+2QxIJKQzjWuuG5kfETrAwjnA5zzVjTCJM+7tKGRYkF1X4ymnWI9q3TRp1Q2ScNGrm/OxIstB6IwFYKbHp6OkvN/7JGbDqnfsJkFBsqyfijTsyRCVG6OGozRYnhAwuYKGZnRaSHFSbGnidnj+BNrzwL1cOid1w8uvEKpRKMlYVd2IMD8OAESnAFZagAgR48wBM8O8J5dF6c13Fpxpn0bMMfOW8/DuqRUg==</latexit>

M =

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x

<latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="3CvCZ9/5WebmOExHYDVI0Jdgg8c=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcsDG8sI5gOTI+xt9pIlu3vH7p4QjrT+AhtBRWz119j5Q+zdfBSa+GDg8d4Mb2bChDNtXPfLya2s5gtrxfXSxubW9k55d6+h41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNO6o0i+WNGSU0ELgvWcQINla6FahjmKAayW654lbdKdAy8eak4heevuXHfb7WLX92ejFJBZWGcKx123MTE2RYGUY4HZc6qaYJJkPcp21LJbYxQTbdeIyOrNJDUaxsSYOm6u+JDAutRyK0nQKbgV70JuJ/Xjs10UWQMZmkhkoyC4pSjkyMJuejHlOUGD6yBBPF7K6IDLDCxNgnlewTvMWTl0njpOqdVU+vvYrvwwxFOIBDOAYPzsGHK6hBHQhIeIBneHG08+i8Om+z1pwzn9mHP3DefwCysZP3</latexit>m⇥ n



Communication complexity
Given an            Boolean matrix      and coordinates       , 
suppose that we have two players, Alice and Bob such that 
Alice receives    and Bob receives   . Alice and Bob take turns 
sending one bit of information to each other, until they have 
enough information to be able to determine         .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M <latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x <latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="ZefCO6TrwfHVlXuWD2pIJQpexmA=">AAAB7nicbZDLSsNAFIZPvNZ6q7oUJLQILqQkIuoy4MaNUMFeoA1lMpm0QyczYWYihtCVT+DGhSLizudx56O4c3pZaOsPAx//fw5zzgkSRpV2nC9rYXFpeWW1sFZc39jc2i7t7DaUSCUmdSyYkK0AKcIoJ3VNNSOtRBIUB4w0g8HlKG/eEamo4Lc6S4gfox6nEcVIG6t53c3vj7Nht1Rxqs5Y9jy4U6h45feH74NQ1Lqlz04ocBoTrjFDSrVdJ9F+jqSmmJFhsZMqkiA8QD3SNshRTJSfj8cd2ofGCe1ISPO4tsfu744cxUplcWAqY6T7ajYbmf9l7VRHF35OeZJqwvHkoyhlthb2aHc7pJJgzTIDCEtqZrVxH0mEtblQ0RzBnV15HhonVfesenrjVjwPJirAPpThCFw4Bw+uoAZ1wDCAR3iGFyuxnqxX621SumBNe/bgj6yPH+OEkvU=</latexit>

Mx,y

<latexit sha1_base64="9saslVPlNbhXIDMhjG7hJy+16Y4=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVE3YsGFboQK9gLtUDJp2oYmmSHJCHXoK7hxoYhbtz6FT+DOpW9ipu1CW38IfPz/OeScE0ScaeO6X05mbn5hcSm7nFtZXVvfyG9uVXUYK0IrJOShqgdYU84krRhmOK1HimIRcFoL+hdpXrujSrNQ3ppBRH2Bu5J1GMEmta7RGWrlC27RHQnNgjeBwvnH/ffl+05SbuU/m+2QxIJKQzjWuuG5kfETrAwjnA5zzVjTCJM+7tKGRYkF1X4ymnWI9q3TRp1Q2ScNGrm/OxIstB6IwFYKbHp6OkvN/7JGbDqnfsJkFBsqyfijTsyRCVG6OGozRYnhAwuYKGZnRaSHFSbGnidnj+BNrzwL1cOid1w8uvEKpRKMlYVd2IMD8OAESnAFZagAgR48wBM8O8J5dF6c13Fpxpn0bMMfOW8/DuqRUg==</latexit>

M =

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x

<latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="3CvCZ9/5WebmOExHYDVI0Jdgg8c=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcsDG8sI5gOTI+xt9pIlu3vH7p4QjrT+AhtBRWz119j5Q+zdfBSa+GDg8d4Mb2bChDNtXPfLya2s5gtrxfXSxubW9k55d6+h41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNO6o0i+WNGSU0ELgvWcQINla6FahjmKAayW654lbdKdAy8eak4heevuXHfb7WLX92ejFJBZWGcKx123MTE2RYGUY4HZc6qaYJJkPcp21LJbYxQTbdeIyOrNJDUaxsSYOm6u+JDAutRyK0nQKbgV70JuJ/Xjs10UWQMZmkhkoyC4pSjkyMJuejHlOUGD6yBBPF7K6IDLDCxNgnlewTvMWTl0njpOqdVU+vvYrvwwxFOIBDOAYPzsGHK6hBHQhIeIBneHG08+i8Om+z1pwzn9mHP3DefwCysZP3</latexit>m⇥ n



Communication complexity
Given an            Boolean matrix      and coordinates       , 
suppose that we have two players, Alice and Bob such that 
Alice receives    and Bob receives   . Alice and Bob take turns 
sending one bit of information to each other, until they have 
enough information to be able to determine         .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M <latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x <latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="ZefCO6TrwfHVlXuWD2pIJQpexmA=">AAAB7nicbZDLSsNAFIZPvNZ6q7oUJLQILqQkIuoy4MaNUMFeoA1lMpm0QyczYWYihtCVT+DGhSLizudx56O4c3pZaOsPAx//fw5zzgkSRpV2nC9rYXFpeWW1sFZc39jc2i7t7DaUSCUmdSyYkK0AKcIoJ3VNNSOtRBIUB4w0g8HlKG/eEamo4Lc6S4gfox6nEcVIG6t53c3vj7Nht1Rxqs5Y9jy4U6h45feH74NQ1Lqlz04ocBoTrjFDSrVdJ9F+jqSmmJFhsZMqkiA8QD3SNshRTJSfj8cd2ofGCe1ISPO4tsfu744cxUplcWAqY6T7ajYbmf9l7VRHF35OeZJqwvHkoyhlthb2aHc7pJJgzTIDCEtqZrVxH0mEtblQ0RzBnV15HhonVfesenrjVjwPJirAPpThCFw4Bw+uoAZ1wDCAR3iGFyuxnqxX621SumBNe/bgj6yPH+OEkvU=</latexit>

Mx,y

<latexit sha1_base64="9saslVPlNbhXIDMhjG7hJy+16Y4=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVE3YsGFboQK9gLtUDJp2oYmmSHJCHXoK7hxoYhbtz6FT+DOpW9ipu1CW38IfPz/OeScE0ScaeO6X05mbn5hcSm7nFtZXVvfyG9uVXUYK0IrJOShqgdYU84krRhmOK1HimIRcFoL+hdpXrujSrNQ3ppBRH2Bu5J1GMEmta7RGWrlC27RHQnNgjeBwvnH/ffl+05SbuU/m+2QxIJKQzjWuuG5kfETrAwjnA5zzVjTCJM+7tKGRYkF1X4ymnWI9q3TRp1Q2ScNGrm/OxIstB6IwFYKbHp6OkvN/7JGbDqnfsJkFBsqyfijTsyRCVG6OGozRYnhAwuYKGZnRaSHFSbGnidnj+BNrzwL1cOid1w8uvEKpRKMlYVd2IMD8OAESnAFZagAgR48wBM8O8J5dF6c13Fpxpn0bMMfOW8/DuqRUg==</latexit>

M =

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x

<latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="3CvCZ9/5WebmOExHYDVI0Jdgg8c=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcsDG8sI5gOTI+xt9pIlu3vH7p4QjrT+AhtBRWz119j5Q+zdfBSa+GDg8d4Mb2bChDNtXPfLya2s5gtrxfXSxubW9k55d6+h41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNO6o0i+WNGSU0ELgvWcQINla6FahjmKAayW654lbdKdAy8eak4heevuXHfb7WLX92ejFJBZWGcKx123MTE2RYGUY4HZc6qaYJJkPcp21LJbYxQTbdeIyOrNJDUaxsSYOm6u+JDAutRyK0nQKbgV70JuJ/Xjs10UWQMZmkhkoyC4pSjkyMJuejHlOUGD6yBBPF7K6IDLDCxNgnlewTvMWTl0njpOqdVU+vvYrvwwxFOIBDOAYPzsGHK6hBHQhIeIBneHG08+i8Om+z1pwzn9mHP3DefwCysZP3</latexit>m⇥ n



Communication complexity
Given an            Boolean matrix      and coordinates       , 
suppose that we have two players, Alice and Bob such that 
Alice receives    and Bob receives   . Alice and Bob take turns 
sending one bit of information to each other, until they have 
enough information to be able to determine         .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M <latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x <latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="ZefCO6TrwfHVlXuWD2pIJQpexmA=">AAAB7nicbZDLSsNAFIZPvNZ6q7oUJLQILqQkIuoy4MaNUMFeoA1lMpm0QyczYWYihtCVT+DGhSLizudx56O4c3pZaOsPAx//fw5zzgkSRpV2nC9rYXFpeWW1sFZc39jc2i7t7DaUSCUmdSyYkK0AKcIoJ3VNNSOtRBIUB4w0g8HlKG/eEamo4Lc6S4gfox6nEcVIG6t53c3vj7Nht1Rxqs5Y9jy4U6h45feH74NQ1Lqlz04ocBoTrjFDSrVdJ9F+jqSmmJFhsZMqkiA8QD3SNshRTJSfj8cd2ofGCe1ISPO4tsfu744cxUplcWAqY6T7ajYbmf9l7VRHF35OeZJqwvHkoyhlthb2aHc7pJJgzTIDCEtqZrVxH0mEtblQ0RzBnV15HhonVfesenrjVjwPJirAPpThCFw4Bw+uoAZ1wDCAR3iGFyuxnqxX621SumBNe/bgj6yPH+OEkvU=</latexit>

Mx,y

<latexit sha1_base64="9saslVPlNbhXIDMhjG7hJy+16Y4=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVE3YsGFboQK9gLtUDJp2oYmmSHJCHXoK7hxoYhbtz6FT+DOpW9ipu1CW38IfPz/OeScE0ScaeO6X05mbn5hcSm7nFtZXVvfyG9uVXUYK0IrJOShqgdYU84krRhmOK1HimIRcFoL+hdpXrujSrNQ3ppBRH2Bu5J1GMEmta7RGWrlC27RHQnNgjeBwvnH/ffl+05SbuU/m+2QxIJKQzjWuuG5kfETrAwjnA5zzVjTCJM+7tKGRYkF1X4ymnWI9q3TRp1Q2ScNGrm/OxIstB6IwFYKbHp6OkvN/7JGbDqnfsJkFBsqyfijTsyRCVG6OGozRYnhAwuYKGZnRaSHFSbGnidnj+BNrzwL1cOid1w8uvEKpRKMlYVd2IMD8OAESnAFZagAgR48wBM8O8J5dF6c13Fpxpn0bMMfOW8/DuqRUg==</latexit>

M =

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x

<latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="3CvCZ9/5WebmOExHYDVI0Jdgg8c=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcsDG8sI5gOTI+xt9pIlu3vH7p4QjrT+AhtBRWz119j5Q+zdfBSa+GDg8d4Mb2bChDNtXPfLya2s5gtrxfXSxubW9k55d6+h41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNO6o0i+WNGSU0ELgvWcQINla6FahjmKAayW654lbdKdAy8eak4heevuXHfb7WLX92ejFJBZWGcKx123MTE2RYGUY4HZc6qaYJJkPcp21LJbYxQTbdeIyOrNJDUaxsSYOm6u+JDAutRyK0nQKbgV70JuJ/Xjs10UWQMZmkhkoyC4pSjkyMJuejHlOUGD6yBBPF7K6IDLDCxNgnlewTvMWTl0njpOqdVU+vvYrvwwxFOIBDOAYPzsGHK6hBHQhIeIBneHG08+i8Om+z1pwzn9mHP3DefwCysZP3</latexit>m⇥ n



Communication complexity
Given an            Boolean matrix      and coordinates       , 
suppose that we have two players, Alice and Bob such that 
Alice receives    and Bob receives   . Alice and Bob take turns 
sending one bit of information to each other, until they have 
enough information to be able to determine         .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M <latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x <latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="ZefCO6TrwfHVlXuWD2pIJQpexmA=">AAAB7nicbZDLSsNAFIZPvNZ6q7oUJLQILqQkIuoy4MaNUMFeoA1lMpm0QyczYWYihtCVT+DGhSLizudx56O4c3pZaOsPAx//fw5zzgkSRpV2nC9rYXFpeWW1sFZc39jc2i7t7DaUSCUmdSyYkK0AKcIoJ3VNNSOtRBIUB4w0g8HlKG/eEamo4Lc6S4gfox6nEcVIG6t53c3vj7Nht1Rxqs5Y9jy4U6h45feH74NQ1Lqlz04ocBoTrjFDSrVdJ9F+jqSmmJFhsZMqkiA8QD3SNshRTJSfj8cd2ofGCe1ISPO4tsfu744cxUplcWAqY6T7ajYbmf9l7VRHF35OeZJqwvHkoyhlthb2aHc7pJJgzTIDCEtqZrVxH0mEtblQ0RzBnV15HhonVfesenrjVjwPJirAPpThCFw4Bw+uoAZ1wDCAR3iGFyuxnqxX621SumBNe/bgj6yPH+OEkvU=</latexit>

Mx,y

<latexit sha1_base64="9saslVPlNbhXIDMhjG7hJy+16Y4=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVE3YsGFboQK9gLtUDJp2oYmmSHJCHXoK7hxoYhbtz6FT+DOpW9ipu1CW38IfPz/OeScE0ScaeO6X05mbn5hcSm7nFtZXVvfyG9uVXUYK0IrJOShqgdYU84krRhmOK1HimIRcFoL+hdpXrujSrNQ3ppBRH2Bu5J1GMEmta7RGWrlC27RHQnNgjeBwvnH/ffl+05SbuU/m+2QxIJKQzjWuuG5kfETrAwjnA5zzVjTCJM+7tKGRYkF1X4ymnWI9q3TRp1Q2ScNGrm/OxIstB6IwFYKbHp6OkvN/7JGbDqnfsJkFBsqyfijTsyRCVG6OGozRYnhAwuYKGZnRaSHFSbGnidnj+BNrzwL1cOid1w8uvEKpRKMlYVd2IMD8OAESnAFZagAgR48wBM8O8J5dF6c13Fpxpn0bMMfOW8/DuqRUg==</latexit>

M =

<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x

<latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="3CvCZ9/5WebmOExHYDVI0Jdgg8c=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcsDG8sI5gOTI+xt9pIlu3vH7p4QjrT+AhtBRWz119j5Q+zdfBSa+GDg8d4Mb2bChDNtXPfLya2s5gtrxfXSxubW9k55d6+h41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNO6o0i+WNGSU0ELgvWcQINla6FahjmKAayW654lbdKdAy8eak4heevuXHfb7WLX92ejFJBZWGcKx123MTE2RYGUY4HZc6qaYJJkPcp21LJbYxQTbdeIyOrNJDUaxsSYOm6u+JDAutRyK0nQKbgV70JuJ/Xjs10UWQMZmkhkoyC4pSjkyMJuejHlOUGD6yBBPF7K6IDLDCxNgnlewTvMWTl0njpOqdVU+vvYrvwwxFOIBDOAYPzsGHK6hBHQhIeIBneHG08+i8Om+z1pwzn9mHP3DefwCysZP3</latexit>m⇥ n



Communication complexity
Given an            Boolean matrix      and coordinates       , 
suppose that we have two players, Alice and Bob such that 
Alice receives    and Bob receives   . Alice and Bob take turns 
sending one bit of information to each other, until they have 
enough information to be able to determine         .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M <latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x <latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="ZefCO6TrwfHVlXuWD2pIJQpexmA=">AAAB7nicbZDLSsNAFIZPvNZ6q7oUJLQILqQkIuoy4MaNUMFeoA1lMpm0QyczYWYihtCVT+DGhSLizudx56O4c3pZaOsPAx//fw5zzgkSRpV2nC9rYXFpeWW1sFZc39jc2i7t7DaUSCUmdSyYkK0AKcIoJ3VNNSOtRBIUB4w0g8HlKG/eEamo4Lc6S4gfox6nEcVIG6t53c3vj7Nht1Rxqs5Y9jy4U6h45feH74NQ1Lqlz04ocBoTrjFDSrVdJ9F+jqSmmJFhsZMqkiA8QD3SNshRTJSfj8cd2ofGCe1ISPO4tsfu744cxUplcWAqY6T7ajYbmf9l7VRHF35OeZJqwvHkoyhlthb2aHc7pJJgzTIDCEtqZrVxH0mEtblQ0RzBnV15HhonVfesenrjVjwPJirAPpThCFw4Bw+uoAZ1wDCAR3iGFyuxnqxX621SumBNe/bgj6yPH+OEkvU=</latexit>

Mx,y

The particular choices of what bits to send in each round and 
what answer to output is called a protocol and its length is 
the maximum over all inputs       , of the number of rounds 
needed to output an answer.

<latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y

<latexit sha1_base64="9saslVPlNbhXIDMhjG7hJy+16Y4=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVE3YsGFboQK9gLtUDJp2oYmmSHJCHXoK7hxoYhbtz6FT+DOpW9ipu1CW38IfPz/OeScE0ScaeO6X05mbn5hcSm7nFtZXVvfyG9uVXUYK0IrJOShqgdYU84krRhmOK1HimIRcFoL+hdpXrujSrNQ3ppBRH2Bu5J1GMEmta7RGWrlC27RHQnNgjeBwvnH/ffl+05SbuU/m+2QxIJKQzjWuuG5kfETrAwjnA5zzVjTCJM+7tKGRYkF1X4ymnWI9q3TRp1Q2ScNGrm/OxIstB6IwFYKbHp6OkvN/7JGbDqnfsJkFBsqyfijTsyRCVG6OGozRYnhAwuYKGZnRaSHFSbGnidnj+BNrzwL1cOid1w8uvEKpRKMlYVd2IMD8OAESnAFZagAgR48wBM8O8J5dF6c13Fpxpn0bMMfOW8/DuqRUg==</latexit>

M =

<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x

<latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="3CvCZ9/5WebmOExHYDVI0Jdgg8c=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcsDG8sI5gOTI+xt9pIlu3vH7p4QjrT+AhtBRWz119j5Q+zdfBSa+GDg8d4Mb2bChDNtXPfLya2s5gtrxfXSxubW9k55d6+h41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNO6o0i+WNGSU0ELgvWcQINla6FahjmKAayW654lbdKdAy8eak4heevuXHfb7WLX92ejFJBZWGcKx123MTE2RYGUY4HZc6qaYJJkPcp21LJbYxQTbdeIyOrNJDUaxsSYOm6u+JDAutRyK0nQKbgV70JuJ/Xjs10UWQMZmkhkoyC4pSjkyMJuejHlOUGD6yBBPF7K6IDLDCxNgnlewTvMWTl0njpOqdVU+vvYrvwwxFOIBDOAYPzsGHK6hBHQhIeIBneHG08+i8Om+z1pwzn9mHP3DefwCysZP3</latexit>m⇥ n



The communication complexity             is the minimum length 
of a protocol that always successfully outputs         .

Communication complexity
Given an            Boolean matrix      and coordinates       , 
suppose that we have two players, Alice and Bob such that 
Alice receives    and Bob receives   . Alice and Bob take turns 
sending one bit of information to each other, until they have 
enough information to be able to determine         .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M <latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x <latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="ZefCO6TrwfHVlXuWD2pIJQpexmA=">AAAB7nicbZDLSsNAFIZPvNZ6q7oUJLQILqQkIuoy4MaNUMFeoA1lMpm0QyczYWYihtCVT+DGhSLizudx56O4c3pZaOsPAx//fw5zzgkSRpV2nC9rYXFpeWW1sFZc39jc2i7t7DaUSCUmdSyYkK0AKcIoJ3VNNSOtRBIUB4w0g8HlKG/eEamo4Lc6S4gfox6nEcVIG6t53c3vj7Nht1Rxqs5Y9jy4U6h45feH74NQ1Lqlz04ocBoTrjFDSrVdJ9F+jqSmmJFhsZMqkiA8QD3SNshRTJSfj8cd2ofGCe1ISPO4tsfu744cxUplcWAqY6T7ajYbmf9l7VRHF35OeZJqwvHkoyhlthb2aHc7pJJgzTIDCEtqZrVxH0mEtblQ0RzBnV15HhonVfesenrjVjwPJirAPpThCFw4Bw+uoAZ1wDCAR3iGFyuxnqxX621SumBNe/bgj6yPH+OEkvU=</latexit>

Mx,y

The particular choices of what bits to send in each round and 
what answer to output is called a protocol and its length is 
the maximum over all inputs       , of the number of rounds 
needed to output an answer.

<latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y

<latexit sha1_base64="ePAYXT7N4qGq+W2CNqSkO18SqzA=">AAAB83icbVDLSsNAFJ34aq2vqks3g0Wom5KIr2WgGzdCC/YBTSiT6aQdOpmEmRuxhP6GGxeKuPVn3PkD4mc4fSy09cCFwzn3cu89QSK4Btv+tFZW19Y3cvnNwtb2zu5ecf+gqeNUUdagsYhVOyCaCS5ZAzgI1k4UI1EgWCsYVid+654pzWN5B6OE+RHpSx5ySsBIngfsAbJqdVy+Pe0WS3bFngIvE2dOSi6uf3/lcxe1bvHD68U0jZgEKojWHcdOwM+IAk4FGxe8VLOE0CHps46hkkRM+9n05jE+MUoPh7EyJQFP1d8TGYm0HkWB6YwIDPSiNxH/8zophNd+xmWSApN0tihMBYYYTwLAPa4YBTEyhFDFza2YDogiFExMBROCs/jyMmmeVZzLynndKbkumiGPjtAxKiMHXSEX3aAaaiCKEvSIntGLlVpP1qv1NmtdseYzh+gPrPcfB6KT9g==</latexit>

CC(M)

<latexit sha1_base64="9saslVPlNbhXIDMhjG7hJy+16Y4=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVE3YsGFboQK9gLtUDJp2oYmmSHJCHXoK7hxoYhbtz6FT+DOpW9ipu1CW38IfPz/OeScE0ScaeO6X05mbn5hcSm7nFtZXVvfyG9uVXUYK0IrJOShqgdYU84krRhmOK1HimIRcFoL+hdpXrujSrNQ3ppBRH2Bu5J1GMEmta7RGWrlC27RHQnNgjeBwvnH/ffl+05SbuU/m+2QxIJKQzjWuuG5kfETrAwjnA5zzVjTCJM+7tKGRYkF1X4ymnWI9q3TRp1Q2ScNGrm/OxIstB6IwFYKbHp6OkvN/7JGbDqnfsJkFBsqyfijTsyRCVG6OGozRYnhAwuYKGZnRaSHFSbGnidnj+BNrzwL1cOid1w8uvEKpRKMlYVd2IMD8OAESnAFZagAgR48wBM8O8J5dF6c13Fpxpn0bMMfOW8/DuqRUg==</latexit>

M =

<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="FNZlKLGV+mJcB8weCCEz/zlwDzo=">AAAB5HicbZBLSgNBEIZr4iuOryju3DQGwVWYEVF3BlzoMoJ5QDKEnk4ladPTM3T3CHHICdy4UNx6Ak/hCdy59CZ2Ehea+EPDx/9X0VUVJoJr43mfTm5hcWl5Jb/qrq1vbG4V3O2ajlPFsMpiEatGSDUKLrFquBHYSBTSKBRYDwcX47x+h0rzWN6YYYJBRHuSdzmjxlrXfrtQ9EreRGQe/B8onr/ff12+7WaVduGj1YlZGqE0TFCtm76XmCCjynAmcOS2Uo0JZQPaw6ZFSSPUQTYZdEQOrNMh3VjZJw2ZuL87MhppPYxCWxlR09ez2dj8L2umpnsWZFwmqUHJph91U0FMTMZbkw5XyIwYWqBMcTsrYX2qKDP2Nq49gj+78jzUjkr+Sem4WC7DVHnYg304BB9OoQxXUIEqMEB4gCd4dm6dR+dlWphzfjp24I+c12890I90</latexit>

1
<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x

<latexit sha1_base64="0G6ReC3GKOSd4nHGTt5X5m5uxRE=">AAAB6HicbZDLSgMxFIYz9VbrrepKXBgsgqsyI6IuB9y4bMFeoB1KJj3TxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFYUalVyqZkg0cCagZpjh0EwUkDjk0AgHt5O88QhKMynuzTCBICY9wSJGibFWddgpltyyOxVeBm8OJf/oqSPHJ9+VTnHc7kqaxiAM5UTrlucmJsiIMoxyGBXaqYaE0AHpQcuiIDHoIJsOOsJn1uniSCr7hMFT93dHRmKth3FoK2Ni+noxm5j/Za3URDdBxkSSGhB09lGUcmwknmyNu0wBNXxogVDF7KyY9oki1NjbFOwRvMWVl6F+UfauypdVr+T7aKY8Okan6Bx56Br56A5VUA1RBOgZvaI358F5cd6dj1lpzpn3HKI/cj5/ALRrkJM=</latexit>y

<latexit sha1_base64="ZefCO6TrwfHVlXuWD2pIJQpexmA=">AAAB7nicbZDLSsNAFIZPvNZ6q7oUJLQILqQkIuoy4MaNUMFeoA1lMpm0QyczYWYihtCVT+DGhSLizudx56O4c3pZaOsPAx//fw5zzgkSRpV2nC9rYXFpeWW1sFZc39jc2i7t7DaUSCUmdSyYkK0AKcIoJ3VNNSOtRBIUB4w0g8HlKG/eEamo4Lc6S4gfox6nEcVIG6t53c3vj7Nht1Rxqs5Y9jy4U6h45feH74NQ1Lqlz04ocBoTrjFDSrVdJ9F+jqSmmJFhsZMqkiA8QD3SNshRTJSfj8cd2ofGCe1ISPO4tsfu744cxUplcWAqY6T7ajYbmf9l7VRHF35OeZJqwvHkoyhlthb2aHc7pJJgzTIDCEtqZrVxH0mEtblQ0RzBnV15HhonVfesenrjVjwPJirAPpThCFw4Bw+uoAZ1wDCAR3iGFyuxnqxX621SumBNe/bgj6yPH+OEkvU=</latexit>

Mx,y

<latexit sha1_base64="3CvCZ9/5WebmOExHYDVI0Jdgg8c=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcsDG8sI5gOTI+xt9pIlu3vH7p4QjrT+AhtBRWz119j5Q+zdfBSa+GDg8d4Mb2bChDNtXPfLya2s5gtrxfXSxubW9k55d6+h41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNO6o0i+WNGSU0ELgvWcQINla6FahjmKAayW654lbdKdAy8eak4heevuXHfb7WLX92ejFJBZWGcKx123MTE2RYGUY4HZc6qaYJJkPcp21LJbYxQTbdeIyOrNJDUaxsSYOm6u+JDAutRyK0nQKbgV70JuJ/Xjs10UWQMZmkhkoyC4pSjkyMJuejHlOUGD6yBBPF7K6IDLDCxNgnlewTvMWTl0njpOqdVU+vvYrvwwxFOIBDOAYPzsGHK6hBHQhIeIBneHG08+i8Om+z1pwzn9mHP3DefwCysZP3</latexit>m⇥ n



Communication complexity
Fact:     can be partitioned into at most             constant 
submatrices.

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="qRltpf+XhDnAuMmVJF02YUnU0RE=">AAAB+XicbVDJSgNBEO2JW4zbuNy8NAYhXsJMEPVmIAe9CBHMAskYejqdpEnPQndNMA7zJ148KOLBi7/gF3jz6J/YWQ6a+KDg8V4VVfXcUHAFlvVlpBYWl5ZX0quZtfWNzS1ze6eqgkhSVqGBCGTdJYoJ7rMKcBCsHkpGPFewmtsvjfzagEnFA/8GhiFzPNL1eYdTAlpqmWbhNm4Cu4O4VEpyV0dJy8xaeWsMPE/sKcmef9x/X7ztxeWW+dlsBzTymA9UEKUathWCExMJnAqWZJqRYiGhfdJlDU194jHlxOPLE3yolTbuBFKXD3is/p6IiafU0HN1p0egp2a9kfif14igc+bE3A8jYD6dLOpEAkOARzHgNpeMghhqQqjk+lZMe0QSCjqsjA7Bnn15nlQLefskf3xtZ4tFNEEa7aMDlEM2OkVFdInKqIIoGqAH9ISejdh4NF6M10lrypjO7KI/MN5/APqdlvY=</latexit>

2CC(M)



Communication complexity
Fact:     can be partitioned into at most             constant 
submatrices.

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="qRltpf+XhDnAuMmVJF02YUnU0RE=">AAAB+XicbVDJSgNBEO2JW4zbuNy8NAYhXsJMEPVmIAe9CBHMAskYejqdpEnPQndNMA7zJ148KOLBi7/gF3jz6J/YWQ6a+KDg8V4VVfXcUHAFlvVlpBYWl5ZX0quZtfWNzS1ze6eqgkhSVqGBCGTdJYoJ7rMKcBCsHkpGPFewmtsvjfzagEnFA/8GhiFzPNL1eYdTAlpqmWbhNm4Cu4O4VEpyV0dJy8xaeWsMPE/sKcmef9x/X7ztxeWW+dlsBzTymA9UEKUathWCExMJnAqWZJqRYiGhfdJlDU194jHlxOPLE3yolTbuBFKXD3is/p6IiafU0HN1p0egp2a9kfif14igc+bE3A8jYD6dLOpEAkOARzHgNpeMghhqQqjk+lZMe0QSCjqsjA7Bnn15nlQLefskf3xtZ4tFNEEa7aMDlEM2OkVFdInKqIIoGqAH9ISejdh4NF6M10lrypjO7KI/MN5/APqdlvY=</latexit>

2CC(M)

Thus if      has bounded communication complexity, then it 
must have a linear-sized all-ones or all-zeroes submatrix.

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M



Communication complexity
Fact:     can be partitioned into at most             constant 
submatrices.

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="qRltpf+XhDnAuMmVJF02YUnU0RE=">AAAB+XicbVDJSgNBEO2JW4zbuNy8NAYhXsJMEPVmIAe9CBHMAskYejqdpEnPQndNMA7zJ148KOLBi7/gF3jz6J/YWQ6a+KDg8V4VVfXcUHAFlvVlpBYWl5ZX0quZtfWNzS1ze6eqgkhSVqGBCGTdJYoJ7rMKcBCsHkpGPFewmtsvjfzagEnFA/8GhiFzPNL1eYdTAlpqmWbhNm4Cu4O4VEpyV0dJy8xaeWsMPE/sKcmef9x/X7ztxeWW+dlsBzTymA9UEKUathWCExMJnAqWZJqRYiGhfdJlDU194jHlxOPLE3yolTbuBFKXD3is/p6IiafU0HN1p0egp2a9kfif14igc+bE3A8jYD6dLOpEAkOARzHgNpeMghhqQqjk+lZMe0QSCjqsjA7Bnn15nlQLefskf3xtZ4tFNEEa7aMDlEM2OkVFdInKqIIoGqAH9ISejdh4NF6M10lrypjO7KI/MN5/APqdlvY=</latexit>

2CC(M)

Thus if      has bounded communication complexity, then it 
must have a linear-sized all-ones or all-zeroes submatrix.

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

The randomized communication complexity                is the 
smallest     such that there exists a probability distribution over 
protocols of length at most    such that for any input       ,

<latexit sha1_base64="FHnDAu/RmfXIpQ+6eELC/YM5fb0=">AAAB9HicbVDJSgNBEO2JS2Lcoh69NAYhXsKMuB0HcvEiJGIWSIbQ0+kkTXp6xu6aYBjyHV48KOLVj/HmD4ifYWc5aOKDgsd7VVTV8yPBNdj2p5VaWV1bT2c2sptb2zu7ub39mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/UJr49SFTmofyDkYR8wLSk7zLKQEjeS1gD5Dclkrjws1JO5e3i/YUeJk4c5J3ceX7K5M+L7dzH61OSOOASaCCaN107Ai8hCjgVLBxthVrFhE6ID3WNFSSgGkvmR49xsdG6eBuqExJwFP190RCAq1HgW86AwJ9vehNxP+8ZgzdKy/hMoqBSTpb1I0FhhBPEsAdrhgFMTKEUMXNrZj2iSIUTE5ZE4Kz+PIyqZ0WnYviWcXJuy6aIYMO0REqIAddIhddozKqIoru0SN6Ri/W0HqyXq23WWvKms8coD+w3n8ArWyUUg==</latexit>

RCC(M)
<latexit sha1_base64="DnFkSv015Ic126KyXvSmZrD7mjk=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9x4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0mbkiE=</latexit>

`
<latexit sha1_base64="DnFkSv015Ic126KyXvSmZrD7mjk=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9x4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0mbkiE=</latexit>

` <latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y
<latexit sha1_base64="oVtQxCPiR40CLXgjb7+F+OMq8p0="></latexit>

Pr[output = M(x, y)] � 2/3.



Communication complexity
Fact:     can be partitioned into at most             constant 
submatrices.

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="qRltpf+XhDnAuMmVJF02YUnU0RE=">AAAB+XicbVDJSgNBEO2JW4zbuNy8NAYhXsJMEPVmIAe9CBHMAskYejqdpEnPQndNMA7zJ148KOLBi7/gF3jz6J/YWQ6a+KDg8V4VVfXcUHAFlvVlpBYWl5ZX0quZtfWNzS1ze6eqgkhSVqGBCGTdJYoJ7rMKcBCsHkpGPFewmtsvjfzagEnFA/8GhiFzPNL1eYdTAlpqmWbhNm4Cu4O4VEpyV0dJy8xaeWsMPE/sKcmef9x/X7ztxeWW+dlsBzTymA9UEKUathWCExMJnAqWZJqRYiGhfdJlDU194jHlxOPLE3yolTbuBFKXD3is/p6IiafU0HN1p0egp2a9kfif14igc+bE3A8jYD6dLOpEAkOARzHgNpeMghhqQqjk+lZMe0QSCjqsjA7Bnn15nlQLefskf3xtZ4tFNEEa7aMDlEM2OkVFdInKqIIoGqAH9ISejdh4NF6M10lrypjO7KI/MN5/APqdlvY=</latexit>

2CC(M)

Thus if      has bounded communication complexity, then it 
must have a linear-sized all-ones or all-zeroes submatrix.

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

The randomized communication complexity                is the 
smallest     such that there exists a probability distribution over 
protocols of length at most    such that for any input       ,

<latexit sha1_base64="FHnDAu/RmfXIpQ+6eELC/YM5fb0=">AAAB9HicbVDJSgNBEO2JS2Lcoh69NAYhXsKMuB0HcvEiJGIWSIbQ0+kkTXp6xu6aYBjyHV48KOLVj/HmD4ifYWc5aOKDgsd7VVTV8yPBNdj2p5VaWV1bT2c2sptb2zu7ub39mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/UJr49SFTmofyDkYR8wLSk7zLKQEjeS1gD5Dclkrjws1JO5e3i/YUeJk4c5J3ceX7K5M+L7dzH61OSOOASaCCaN107Ai8hCjgVLBxthVrFhE6ID3WNFSSgGkvmR49xsdG6eBuqExJwFP190RCAq1HgW86AwJ9vehNxP+8ZgzdKy/hMoqBSTpb1I0FhhBPEsAdrhgFMTKEUMXNrZj2iSIUTE5ZE4Kz+PIyqZ0WnYviWcXJuy6aIYMO0REqIAddIhddozKqIoru0SN6Ri/W0HqyXq23WWvKms8coD+w3n8ArWyUUg==</latexit>

RCC(M)
<latexit sha1_base64="DnFkSv015Ic126KyXvSmZrD7mjk=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9x4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0mbkiE=</latexit>

`
<latexit sha1_base64="DnFkSv015Ic126KyXvSmZrD7mjk=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9x4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0mbkiE=</latexit>

` <latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y
<latexit sha1_base64="oVtQxCPiR40CLXgjb7+F+OMq8p0="></latexit>

Pr[output = M(x, y)] � 2/3.

Conjecture 1 (Hambardzumyan, Hatami, and Hatami 23): A 
Boolean matrix with bounded randomized communication 
complexity must contain a linear-sized constant submatrix.



Communication complexity
The trace norm            is defined to be the sum of the singular 
values of     . The normalized trace norm is defined to be          .

<latexit sha1_base64="XgNyskURpJs2PevBL+Aozp/JdAM=">AAAB+nicbVDJSgNBEO2JS2LcJnr00hgET2FG3I4BL16EBMwCSRh6Oj1Jk56F7ho1zMynePGgiFe/xJs/IH6GneWgiQ8KHu9VUVXPjQRXYFmfRm5ldW09X9gobm5t7+yapb2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oauK37phUPAxuYRyxnk8GAfc4JaAlxyyl6U2aOkkX2AMkILPMMctWxZoCLxN7TspVXP/+KuTPao750e2HNPZZAFQQpTq2FUEvIRI4FSwrdmPFIkJHZMA6mgbEZ6qXTE/P8JFW+tgLpa4A8FT9PZEQX6mx7+pOn8BQLXoT8T+vE4N32Ut4EMXAAjpb5MUCQ4gnOeA+l4yCGGtCqOT6VkyHRBIKOq2iDsFefHmZNE8q9nnltK7TqKIZCugAHaJjZKMLVEXXqIYaiKJ79Iie0YuRGk/Gq/E2a80Z85l99AfG+w9oPJeu</latexit>

||M ||tr
<latexit sha1_base64="sfCKywqAl+UKnsonEeJMzIil75Q=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5VnEKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/g8pC2</latexit>

M
<latexit sha1_base64="1GGWIVUPLNgkS5v/Pa5+NT8V0+Q=">AAACDHicbVDLSsNAFJ3UR7W+qi7dBIvgqiQi6jLgxo2oYFuxCWUynejQySTO3Ihlkg9wI/gD/oIgLhRx6we482+cti58HRg4nHMud+4JU84UOM6HVRobn5gsT01XZmbn5heqi0tNlWSS0AZJeCJPQqwoZ4I2gAGnJ6mkOA45bYW93YHfuqRSsUQcQz+lQYzPBIsYwWCkTrXmRxITnef7ed7RPtAr0CCLotC+upCgY1EUJuXUnSHsv8T9IjXPvT29eygfHHaq7343IVlMBRCOlWq7TgqBxhIY4bSo+JmiKSY9fEbbhgocUxXo4TGFvWaUrh0l0jwB9lD9PqFxrFQ/Dk0yxnCufnsD8T+vnUG0E2gm0gyoIKNFUcZtSOxBM3aXSUqA9w3BRDLzV5ucY9MOmP4qpgT398l/SXOj7m7VN4/cmuehEabQClpF68hF28hDe+gQNRBB1+gePaFn68Z6tF6s11G0ZH3NLKMfsN4+ARFboIM=</latexit>

||M ||trp
mn



Communication complexity
The trace norm            is defined to be the sum of the singular 
values of     . The normalized trace norm is defined to be          .

<latexit sha1_base64="XgNyskURpJs2PevBL+Aozp/JdAM=">AAAB+nicbVDJSgNBEO2JS2LcJnr00hgET2FG3I4BL16EBMwCSRh6Oj1Jk56F7ho1zMynePGgiFe/xJs/IH6GneWgiQ8KHu9VUVXPjQRXYFmfRm5ldW09X9gobm5t7+yapb2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oauK37phUPAxuYRyxnk8GAfc4JaAlxyyl6U2aOkkX2AMkILPMMctWxZoCLxN7TspVXP/+KuTPao750e2HNPZZAFQQpTq2FUEvIRI4FSwrdmPFIkJHZMA6mgbEZ6qXTE/P8JFW+tgLpa4A8FT9PZEQX6mx7+pOn8BQLXoT8T+vE4N32Ut4EMXAAjpb5MUCQ4gnOeA+l4yCGGtCqOT6VkyHRBIKOq2iDsFefHmZNE8q9nnltK7TqKIZCugAHaJjZKMLVEXXqIYaiKJ79Iie0YuRGk/Gq/E2a80Z85l99AfG+w9oPJeu</latexit>

||M ||tr
<latexit sha1_base64="sfCKywqAl+UKnsonEeJMzIil75Q=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5VnEKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/g8pC2</latexit>

M
<latexit sha1_base64="1GGWIVUPLNgkS5v/Pa5+NT8V0+Q=">AAACDHicbVDLSsNAFJ3UR7W+qi7dBIvgqiQi6jLgxo2oYFuxCWUynejQySTO3Ihlkg9wI/gD/oIgLhRx6we482+cti58HRg4nHMud+4JU84UOM6HVRobn5gsT01XZmbn5heqi0tNlWSS0AZJeCJPQqwoZ4I2gAGnJ6mkOA45bYW93YHfuqRSsUQcQz+lQYzPBIsYwWCkTrXmRxITnef7ed7RPtAr0CCLotC+upCgY1EUJuXUnSHsv8T9IjXPvT29eygfHHaq7343IVlMBRCOlWq7TgqBxhIY4bSo+JmiKSY9fEbbhgocUxXo4TGFvWaUrh0l0jwB9lD9PqFxrFQ/Dk0yxnCufnsD8T+vnUG0E2gm0gyoIKNFUcZtSOxBM3aXSUqA9w3BRDLzV5ucY9MOmP4qpgT398l/SXOj7m7VN4/cmuehEabQClpF68hF28hDe+gQNRBB1+gePaFn68Z6tF6s11G0ZH3NLKMfsN4+ARFboIM=</latexit>

||M ||trp
mn

The approximate trace norm                 is defined to be the 
minimum of              over all matrices       such that for all       , 
we have                                  . The normalized approximate 
trace norm is defined to be               .

<latexit sha1_base64="pIm70jKFirNwQ5EMUTdz7sLb9uA=">AAAB/3icbVC7SgNBFJ31GeMrGrCxGQyihcRdFbUM2NgIEcwDkyXMTibJkNkHM3fFsLuFhfgB/oGNhSK2/oadjd/i5FFo4oELh3Pu5d57nEBwBab5ZUxNz8zOzacW0otLyyurmbX1svJDSVmJ+sKXVYcoJrjHSsBBsGogGXEdwSpO96zvV26YVNz3rqAXMNslbY+3OCWgpUZmI44v4rgR1YHdQgQy2cPW/mHSyOTMvDkAniTWiOQKO9nr+4fH72Ij81lv+jR0mQdUEKVqlhmAHREJnAqWpOuhYgGhXdJmNU094jJlR4P7E7ytlSZu+VKXB3ig/p6IiKtUz3V0p0ugo8a9vvifVwuhdWpH3AtCYB4dLmqFAoOP+2HgJpeMguhpQqjk+lZMO0QSCjqytA7BGn95kpQP8tZx/ujSyhUKaIgU2kRbaBdZ6AQV0DkqohKiKEZP6AW9GnfGs/FmvA9bp4zRTBb9gfHxA1SvmU4=</latexit>

||M ||tr,1/3
<latexit sha1_base64="UHLAQSfDp02w9C+5KLqSY433QVo=">AAAB+3icbVDJSgNBEO1xS4xbjEcvjUH0FGbE7Rjw4kVIwCyQDENPpydp0rPQXSMJM/MrXjwo4tUf8eYPiJ9hZzlo4oOCx3tVVNVzI8EVmOansbK6tr6Ry28WtrZ3dveK+6WmCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7wZuK3HphUPAzuYRwx2yf9gHucEtCSUyyl6d1JmjpJF9gIEpBZ5hTLZsWcAi8Ta07KVVz//srnLmpO8aPbC2nsswCoIEp1LDMCOyESOBUsK3RjxSJCh6TPOpoGxGfKTqa3Z/hYKz3shVJXAHiq/p5IiK/U2Hd1p09goBa9ifif14nBu7YTHkQxsIDOFnmxwBDiSRC4xyWjIMaaECq5vhXTAZGEgo6roEOwFl9eJs2zinVZOa9b5WoVzZBHh+gInSILXaEqukU11EAUjdAjekYvRmY8Ga/G26x1xZjPHKA/MN5/AMwyl+A=</latexit>

||M 0||tr
<latexit sha1_base64="/cpLyGP5KGofYu0Tqa0NgrK/Lgo=">AAAB6XicbZDLSgMxFIbPeK31Vi87N8EiuiozIurOggvdCFXsBdqhZNJMG5pkhiQj1KFv4MaFIm7d+xQ+gTuXvonpZaGtPwQ+/v8ccs4JYs60cd0vZ2Z2bn5hMbOUXV5ZXVvPbWxWdJQoQssk4pGqBVhTziQtG2Y4rcWKYhFwWg2654O8ekeVZpG8Nb2Y+gK3JQsZwcZaN1f7zVzeLbhDoWnwxpA/+7j/vnjfTkvN3GejFZFEUGkIx1rXPTc2foqVYYTTfraRaBpj0sVtWrcosaDaT4eT9tGedVoojJR90qCh+7sjxULrnghspcCmoyezgflfVk9MeOqnTMaJoZKMPgoTjkyEBmujFlOUGN6zgIlidlZEOlhhYuxxsvYI3uTK01A5LHjHhaNrL18swkgZ2IFdOAAPTqAIl1CCMhAI4QGe4NnpOo/Oi/M6Kp1xxj1b8EfO2w9BnpDo</latexit>

M 0
<latexit sha1_base64="4Mg5KiAlgeUE2QWn38GovaOQh3Y=">AAACBnicbZDLSgMxFIYz9VbHW6tLEYJF7ELrjIq6LLhxU6jgtIV2GDJp2oZmMmOSEcu0Kze+ihsXirj1Gdzp05heFtr6Q+DjP+dwcn4/YlQqy/oyUnPzC4tL6WVzZXVtfSOT3azIMBaYODhkoaj5SBJGOXEUVYzUIkFQ4DNS9buXw3r1jghJQ36jehFxA9TmtEUxUtryMjv9kpfcH/QG8BCW9sfYhw1GbqF9dOJlclbBGgnOgj2BXDH/7aSjrFn2Mp+NZojjgHCFGZKybluRchMkFMWMDMxGLEmEcBe1SV0jRwGRbjI6YwD3tNOErVDoxxUcub8nEhRI2Qt83Rkg1ZHTtaH5X60eq9aFm1AexYpwPF7UihlUIRxmAptUEKxYTwPCguq/QtxBAmGlkzN1CPb0ybNQOS7YZ4XTaztXLIKx0mAb7II8sME5KIIrUAYOwOABPIEX8Go8Gs/Gm/E+bk0Zk5kt8EfGxw+UhJl6</latexit>

|Mx,y �M 0
x,y|  1/3

<latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y

<latexit sha1_base64="PXdRAGlaRGObgUQADakrRyzq1CY="></latexit>

||M ||tr,1/3p
mn



Communication complexity

Theorem(Linial and A. Shraibman 09): 

The trace norm            is defined to be the sum of the singular 
values of     . The normalized trace norm is defined to be          .

<latexit sha1_base64="XgNyskURpJs2PevBL+Aozp/JdAM=">AAAB+nicbVDJSgNBEO2JS2LcJnr00hgET2FG3I4BL16EBMwCSRh6Oj1Jk56F7ho1zMynePGgiFe/xJs/IH6GneWgiQ8KHu9VUVXPjQRXYFmfRm5ldW09X9gobm5t7+yapb2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oauK37phUPAxuYRyxnk8GAfc4JaAlxyyl6U2aOkkX2AMkILPMMctWxZoCLxN7TspVXP/+KuTPao750e2HNPZZAFQQpTq2FUEvIRI4FSwrdmPFIkJHZMA6mgbEZ6qXTE/P8JFW+tgLpa4A8FT9PZEQX6mx7+pOn8BQLXoT8T+vE4N32Ut4EMXAAjpb5MUCQ4gnOeA+l4yCGGtCqOT6VkyHRBIKOq2iDsFefHmZNE8q9nnltK7TqKIZCugAHaJjZKMLVEXXqIYaiKJ79Iie0YuRGk/Gq/E2a80Z85l99AfG+w9oPJeu</latexit>

||M ||tr
<latexit sha1_base64="sfCKywqAl+UKnsonEeJMzIil75Q=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5VnEKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/g8pC2</latexit>

M
<latexit sha1_base64="1GGWIVUPLNgkS5v/Pa5+NT8V0+Q=">AAACDHicbVDLSsNAFJ3UR7W+qi7dBIvgqiQi6jLgxo2oYFuxCWUynejQySTO3Ihlkg9wI/gD/oIgLhRx6we482+cti58HRg4nHMud+4JU84UOM6HVRobn5gsT01XZmbn5heqi0tNlWSS0AZJeCJPQqwoZ4I2gAGnJ6mkOA45bYW93YHfuqRSsUQcQz+lQYzPBIsYwWCkTrXmRxITnef7ed7RPtAr0CCLotC+upCgY1EUJuXUnSHsv8T9IjXPvT29eygfHHaq7343IVlMBRCOlWq7TgqBxhIY4bSo+JmiKSY9fEbbhgocUxXo4TGFvWaUrh0l0jwB9lD9PqFxrFQ/Dk0yxnCufnsD8T+vnUG0E2gm0gyoIKNFUcZtSOxBM3aXSUqA9w3BRDLzV5ucY9MOmP4qpgT398l/SXOj7m7VN4/cmuehEabQClpF68hF28hDe+gQNRBB1+gePaFn68Z6tF6s11G0ZH3NLKMfsN4+ARFboIM=</latexit>

||M ||trp
mn

The approximate trace norm                 is defined to be the 
minimum of              over all matrices       such that for all       , 
we have                                  . The normalized approximate 
trace norm is defined to be               .

<latexit sha1_base64="pIm70jKFirNwQ5EMUTdz7sLb9uA=">AAAB/3icbVC7SgNBFJ31GeMrGrCxGQyihcRdFbUM2NgIEcwDkyXMTibJkNkHM3fFsLuFhfgB/oGNhSK2/oadjd/i5FFo4oELh3Pu5d57nEBwBab5ZUxNz8zOzacW0otLyyurmbX1svJDSVmJ+sKXVYcoJrjHSsBBsGogGXEdwSpO96zvV26YVNz3rqAXMNslbY+3OCWgpUZmI44v4rgR1YHdQgQy2cPW/mHSyOTMvDkAniTWiOQKO9nr+4fH72Ij81lv+jR0mQdUEKVqlhmAHREJnAqWpOuhYgGhXdJmNU094jJlR4P7E7ytlSZu+VKXB3ig/p6IiKtUz3V0p0ugo8a9vvifVwuhdWpH3AtCYB4dLmqFAoOP+2HgJpeMguhpQqjk+lZMO0QSCjqytA7BGn95kpQP8tZx/ujSyhUKaIgU2kRbaBdZ6AQV0DkqohKiKEZP6AW9GnfGs/FmvA9bp4zRTBb9gfHxA1SvmU4=</latexit>

||M ||tr,1/3
<latexit sha1_base64="UHLAQSfDp02w9C+5KLqSY433QVo=">AAAB+3icbVDJSgNBEO1xS4xbjEcvjUH0FGbE7Rjw4kVIwCyQDENPpydp0rPQXSMJM/MrXjwo4tUf8eYPiJ9hZzlo4oOCx3tVVNVzI8EVmOansbK6tr6Ry28WtrZ3dveK+6WmCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7wZuK3HphUPAzuYRwx2yf9gHucEtCSUyyl6d1JmjpJF9gIEpBZ5hTLZsWcAi8Ta07KVVz//srnLmpO8aPbC2nsswCoIEp1LDMCOyESOBUsK3RjxSJCh6TPOpoGxGfKTqa3Z/hYKz3shVJXAHiq/p5IiK/U2Hd1p09goBa9ifif14nBu7YTHkQxsIDOFnmxwBDiSRC4xyWjIMaaECq5vhXTAZGEgo6roEOwFl9eJs2zinVZOa9b5WoVzZBHh+gInSILXaEqukU11EAUjdAjekYvRmY8Ga/G26x1xZjPHKA/MN5/AMwyl+A=</latexit>

||M 0||tr
<latexit sha1_base64="/cpLyGP5KGofYu0Tqa0NgrK/Lgo=">AAAB6XicbZDLSgMxFIbPeK31Vi87N8EiuiozIurOggvdCFXsBdqhZNJMG5pkhiQj1KFv4MaFIm7d+xQ+gTuXvonpZaGtPwQ+/v8ccs4JYs60cd0vZ2Z2bn5hMbOUXV5ZXVvPbWxWdJQoQssk4pGqBVhTziQtG2Y4rcWKYhFwWg2654O8ekeVZpG8Nb2Y+gK3JQsZwcZaN1f7zVzeLbhDoWnwxpA/+7j/vnjfTkvN3GejFZFEUGkIx1rXPTc2foqVYYTTfraRaBpj0sVtWrcosaDaT4eT9tGedVoojJR90qCh+7sjxULrnghspcCmoyezgflfVk9MeOqnTMaJoZKMPgoTjkyEBmujFlOUGN6zgIlidlZEOlhhYuxxsvYI3uTK01A5LHjHhaNrL18swkgZ2IFdOAAPTqAIl1CCMhAI4QGe4NnpOo/Oi/M6Kp1xxj1b8EfO2w9BnpDo</latexit>

M 0
<latexit sha1_base64="4Mg5KiAlgeUE2QWn38GovaOQh3Y=">AAACBnicbZDLSgMxFIYz9VbHW6tLEYJF7ELrjIq6LLhxU6jgtIV2GDJp2oZmMmOSEcu0Kze+ihsXirj1Gdzp05heFtr6Q+DjP+dwcn4/YlQqy/oyUnPzC4tL6WVzZXVtfSOT3azIMBaYODhkoaj5SBJGOXEUVYzUIkFQ4DNS9buXw3r1jghJQ36jehFxA9TmtEUxUtryMjv9kpfcH/QG8BCW9sfYhw1GbqF9dOJlclbBGgnOgj2BXDH/7aSjrFn2Mp+NZojjgHCFGZKybluRchMkFMWMDMxGLEmEcBe1SV0jRwGRbjI6YwD3tNOErVDoxxUcub8nEhRI2Qt83Rkg1ZHTtaH5X60eq9aFm1AexYpwPF7UihlUIRxmAptUEKxYTwPCguq/QtxBAmGlkzN1CPb0ybNQOS7YZ4XTaztXLIKx0mAb7II8sME5KIIrUAYOwOABPIEX8Go8Gs/Gm/E+bk0Zk5kt8EfGxw+UhJl6</latexit>

|Mx,y �M 0
x,y|  1/3

<latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y

<latexit sha1_base64="EE3Iog7pXXNhmSTI37Up226lnZY="></latexit>

RCC(M) � ⌦
⇣
log

||M ||tr,1/3p
mn

⌘
.

<latexit sha1_base64="PXdRAGlaRGObgUQADakrRyzq1CY="></latexit>

||M ||tr,1/3p
mn



Communication complexity

Theorem(Linial and A. Shraibman 09): 

The trace norm            is defined to be the sum of the singular 
values of     . The normalized trace norm is defined to be          .

<latexit sha1_base64="XgNyskURpJs2PevBL+Aozp/JdAM=">AAAB+nicbVDJSgNBEO2JS2LcJnr00hgET2FG3I4BL16EBMwCSRh6Oj1Jk56F7ho1zMynePGgiFe/xJs/IH6GneWgiQ8KHu9VUVXPjQRXYFmfRm5ldW09X9gobm5t7+yapb2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oauK37phUPAxuYRyxnk8GAfc4JaAlxyyl6U2aOkkX2AMkILPMMctWxZoCLxN7TspVXP/+KuTPao750e2HNPZZAFQQpTq2FUEvIRI4FSwrdmPFIkJHZMA6mgbEZ6qXTE/P8JFW+tgLpa4A8FT9PZEQX6mx7+pOn8BQLXoT8T+vE4N32Ut4EMXAAjpb5MUCQ4gnOeA+l4yCGGtCqOT6VkyHRBIKOq2iDsFefHmZNE8q9nnltK7TqKIZCugAHaJjZKMLVEXXqIYaiKJ79Iie0YuRGk/Gq/E2a80Z85l99AfG+w9oPJeu</latexit>

||M ||tr
<latexit sha1_base64="sfCKywqAl+UKnsonEeJMzIil75Q=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5VnEKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/g8pC2</latexit>

M
<latexit sha1_base64="1GGWIVUPLNgkS5v/Pa5+NT8V0+Q=">AAACDHicbVDLSsNAFJ3UR7W+qi7dBIvgqiQi6jLgxo2oYFuxCWUynejQySTO3Ihlkg9wI/gD/oIgLhRx6we482+cti58HRg4nHMud+4JU84UOM6HVRobn5gsT01XZmbn5heqi0tNlWSS0AZJeCJPQqwoZ4I2gAGnJ6mkOA45bYW93YHfuqRSsUQcQz+lQYzPBIsYwWCkTrXmRxITnef7ed7RPtAr0CCLotC+upCgY1EUJuXUnSHsv8T9IjXPvT29eygfHHaq7343IVlMBRCOlWq7TgqBxhIY4bSo+JmiKSY9fEbbhgocUxXo4TGFvWaUrh0l0jwB9lD9PqFxrFQ/Dk0yxnCufnsD8T+vnUG0E2gm0gyoIKNFUcZtSOxBM3aXSUqA9w3BRDLzV5ucY9MOmP4qpgT398l/SXOj7m7VN4/cmuehEabQClpF68hF28hDe+gQNRBB1+gePaFn68Z6tF6s11G0ZH3NLKMfsN4+ARFboIM=</latexit>

||M ||trp
mn

The approximate trace norm                 is defined to be the 
minimum of              over all matrices       such that for all       , 
we have                                  . The normalized approximate 
trace norm is defined to be               .

<latexit sha1_base64="pIm70jKFirNwQ5EMUTdz7sLb9uA=">AAAB/3icbVC7SgNBFJ31GeMrGrCxGQyihcRdFbUM2NgIEcwDkyXMTibJkNkHM3fFsLuFhfgB/oGNhSK2/oadjd/i5FFo4oELh3Pu5d57nEBwBab5ZUxNz8zOzacW0otLyyurmbX1svJDSVmJ+sKXVYcoJrjHSsBBsGogGXEdwSpO96zvV26YVNz3rqAXMNslbY+3OCWgpUZmI44v4rgR1YHdQgQy2cPW/mHSyOTMvDkAniTWiOQKO9nr+4fH72Ij81lv+jR0mQdUEKVqlhmAHREJnAqWpOuhYgGhXdJmNU094jJlR4P7E7ytlSZu+VKXB3ig/p6IiKtUz3V0p0ugo8a9vvifVwuhdWpH3AtCYB4dLmqFAoOP+2HgJpeMguhpQqjk+lZMO0QSCjqytA7BGn95kpQP8tZx/ujSyhUKaIgU2kRbaBdZ6AQV0DkqohKiKEZP6AW9GnfGs/FmvA9bp4zRTBb9gfHxA1SvmU4=</latexit>

||M ||tr,1/3
<latexit sha1_base64="UHLAQSfDp02w9C+5KLqSY433QVo=">AAAB+3icbVDJSgNBEO1xS4xbjEcvjUH0FGbE7Rjw4kVIwCyQDENPpydp0rPQXSMJM/MrXjwo4tUf8eYPiJ9hZzlo4oOCx3tVVNVzI8EVmOansbK6tr6Ry28WtrZ3dveK+6WmCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7wZuK3HphUPAzuYRwx2yf9gHucEtCSUyyl6d1JmjpJF9gIEpBZ5hTLZsWcAi8Ta07KVVz//srnLmpO8aPbC2nsswCoIEp1LDMCOyESOBUsK3RjxSJCh6TPOpoGxGfKTqa3Z/hYKz3shVJXAHiq/p5IiK/U2Hd1p09goBa9ifif14nBu7YTHkQxsIDOFnmxwBDiSRC4xyWjIMaaECq5vhXTAZGEgo6roEOwFl9eJs2zinVZOa9b5WoVzZBHh+gInSILXaEqukU11EAUjdAjekYvRmY8Ga/G26x1xZjPHKA/MN5/AMwyl+A=</latexit>

||M 0||tr
<latexit sha1_base64="/cpLyGP5KGofYu0Tqa0NgrK/Lgo=">AAAB6XicbZDLSgMxFIbPeK31Vi87N8EiuiozIurOggvdCFXsBdqhZNJMG5pkhiQj1KFv4MaFIm7d+xQ+gTuXvonpZaGtPwQ+/v8ccs4JYs60cd0vZ2Z2bn5hMbOUXV5ZXVvPbWxWdJQoQssk4pGqBVhTziQtG2Y4rcWKYhFwWg2654O8ekeVZpG8Nb2Y+gK3JQsZwcZaN1f7zVzeLbhDoWnwxpA/+7j/vnjfTkvN3GejFZFEUGkIx1rXPTc2foqVYYTTfraRaBpj0sVtWrcosaDaT4eT9tGedVoojJR90qCh+7sjxULrnghspcCmoyezgflfVk9MeOqnTMaJoZKMPgoTjkyEBmujFlOUGN6zgIlidlZEOlhhYuxxsvYI3uTK01A5LHjHhaNrL18swkgZ2IFdOAAPTqAIl1CCMhAI4QGe4NnpOo/Oi/M6Kp1xxj1b8EfO2w9BnpDo</latexit>

M 0
<latexit sha1_base64="4Mg5KiAlgeUE2QWn38GovaOQh3Y=">AAACBnicbZDLSgMxFIYz9VbHW6tLEYJF7ELrjIq6LLhxU6jgtIV2GDJp2oZmMmOSEcu0Kze+ihsXirj1Gdzp05heFtr6Q+DjP+dwcn4/YlQqy/oyUnPzC4tL6WVzZXVtfSOT3azIMBaYODhkoaj5SBJGOXEUVYzUIkFQ4DNS9buXw3r1jghJQ36jehFxA9TmtEUxUtryMjv9kpfcH/QG8BCW9sfYhw1GbqF9dOJlclbBGgnOgj2BXDH/7aSjrFn2Mp+NZojjgHCFGZKybluRchMkFMWMDMxGLEmEcBe1SV0jRwGRbjI6YwD3tNOErVDoxxUcub8nEhRI2Qt83Rkg1ZHTtaH5X60eq9aFm1AexYpwPF7UihlUIRxmAptUEKxYTwPCguq/QtxBAmGlkzN1CPb0ybNQOS7YZ4XTaztXLIKx0mAb7II8sME5KIIrUAYOwOABPIEX8Go8Gs/Gm/E+bk0Zk5kt8EfGxw+UhJl6</latexit>

|Mx,y �M 0
x,y|  1/3

<latexit sha1_base64="C/EPftVjlrq/EeeuzIV29sppy7U=">AAAB6nicbZDLSgMxFIbP1Futt6orcWGwCC6kzIioywE3LivaC7RDyaSZNjSTDElGLEPXrty4UMStT9Sdz+ELmF4WWv0h8PH/55BzTphwpo3rfjq5hcWl5ZX8amFtfWNzq7i9U9MyVYRWieRSNUKsKWeCVg0znDYSRXEccloP+1fjvH5PlWZS3JlBQoMYdwWLGMHGWrcPJ4N2seSW3YnQX/BmUPL3HttydPBVaRdHrY4kaUyFIRxr3fTcxAQZVoYRToeFVqppgkkfd2nTosAx1UE2GXWIjqzTQZFU9gmDJu7PjgzHWg/i0FbG2PT0fDY2/8uaqYkug4yJJDVUkOlHUcqRkWi8N+owRYnhAwuYKGZnRaSHFSbGXqdgj+DNr/wXaqdl77x8duOVfB+mysM+HMIxeHABPlxDBapAoAtP8AKvDneenTfnfVqac2Y9u/BLzsc39/CRSw==</latexit>x, y

<latexit sha1_base64="EE3Iog7pXXNhmSTI37Up226lnZY="></latexit>

RCC(M) � ⌦
⇣
log

||M ||tr,1/3p
mn

⌘
.

Thus Conjecture 1 would follow if one could establish that a 
Boolean matrix with bounded normalized approximate trace 
norm must have a linear-sized constant submatrix.

<latexit sha1_base64="PXdRAGlaRGObgUQADakrRyzq1CY="></latexit>

||M ||tr,1/3p
mn



Conjecture 2 (Hambardzumyan, Hatami, and Hatami 23): A 
Boolean matrix with bounded normalized trace norm must 
contain a linear-sized constant submatrix.



Given an            matrix      over the reals, the factorization 
norm      is defined as


where             denotes the maximum     norm of a row of     and 

           denotes the maximum     norm of a column of    .

<latexit sha1_base64="3CvCZ9/5WebmOExHYDVI0Jdgg8c=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcsDG8sI5gOTI+xt9pIlu3vH7p4QjrT+AhtBRWz119j5Q+zdfBSa+GDg8d4Mb2bChDNtXPfLya2s5gtrxfXSxubW9k55d6+h41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNO6o0i+WNGSU0ELgvWcQINla6FahjmKAayW654lbdKdAy8eak4heevuXHfb7WLX92ejFJBZWGcKx123MTE2RYGUY4HZc6qaYJJkPcp21LJbYxQTbdeIyOrNJDUaxsSYOm6u+JDAutRyK0nQKbgV70JuJ/Xjs10UWQMZmkhkoyC4pSjkyMJuejHlOUGD6yBBPF7K6IDLDCxNgnlewTvMWTl0njpOqdVU+vvYrvwwxFOIBDOAYPzsGHK6hBHQhIeIBneHG08+i8Om+z1pwzn9mHP3DefwCysZP3</latexit>m⇥ n
<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="IrrAHCxRhmnfprwqDR7WVbcQqEg=">AAAB73icbZDLSgMxFIbP1Futt6orcWGwCK7KTBF1OeDGZQV7gXYYMmmmDU0mY5IRSunavRsXirj1dbrzOXwB08tCW38IfPz/OeScE6WcaeO6X05uZXVtfSO/Wdja3tndK+4f1LXMFKE1IrlUzQhryllCa4YZTpupolhEnDai/s0kbzxSpZlM7s0gpYHA3YTFjGBjrWa7i4XAYSUsltyyOxVaBm8OJf/oKZTjk+9qWBy3O5JkgiaGcKx1y3NTEwyxMoxwOiq0M01TTPq4S1sWEyyoDobTeUfozDodFEtlX2LQ1P3dMcRC64GIbKXApqcXs4n5X9bKTHwdDFmSZoYmZPZRnHFkJJosjzpMUWL4wAImitlZEelhhYmxJyrYI3iLKy9DvVL2LssXd17J92GmPBzDKZyDB1fgwy1UoQYEODzDK7w5D86L8+58zEpzzrznEP7I+fwBfmeTUA==</latexit>�2

<latexit sha1_base64="gVMmGKtFCiPDM1epu9FLhPoxmTo=">AAAB6HicbZBLSgNBEIZr4ivGV3zs3AwGwVWYEVF3BlzoMgEnCSRD6OlUkjY9PUN3jxCHnMCNC0XcegBP4QncufQmdh4LTfyh4eP/q+iqCmLOlHacLyuzsLi0vJJdza2tb2xu5bd3qipKJEWPRjyS9YAo5Eygp5nmWI8lkjDgWAv6l6O8dodSsUjc6EGMfki6gnUYJdpYFa+VLzhFZyx7HtwpFC4+7r+v3vfSciv/2WxHNAlRaMqJUg3XibWfEqkZ5TjMNROFMaF90sWGQUFCVH46HnRoHxqnbXciaZ7Q9tj93ZGSUKlBGJjKkOiems1G5n9ZI9Gdcz9lIk40Cjr5qJNwW0f2aGu7zSRSzQcGCJXMzGrTHpGEanObnDmCO7vyPFSPi+5p8aTiFkolmCgL+3AAR+DCGZTgGsrgAQWEB3iCZ+vWerRerNdJacaa9uzCH1lvP+1ikL8=</latexit>

U

Conjecture 2 (Hambardzumyan, Hatami, and Hatami 23): A 
Boolean matrix with bounded normalized trace norm must 
contain a linear-sized constant submatrix.

<latexit sha1_base64="0du6B05g0BrW1ImgozgAXsQ0THc="></latexit>

�2(M) = min
U,V :M=UV

||U ||row||V ||col,
<latexit sha1_base64="+mx9AyKl7Ckjy+kIIbubNcOBN78=">AAAB+3icbVDJSgNBEO2JS2Lcxnj00hgET2FG3I4BLx4TMAskIfR0OkmTnp6hu0YTZuZXvHhQxKs/4s0fED/DznLQxAcFj/eqqKrnhYJrcJxPK7O2vrGZzW3lt3d29/btg0JdB5GirEYDEaimRzQTXLIacBCsGSpGfE+whje6mfqNe6Y0D+QdTELW8clA8j6nBIzUtQtJUkuSbtwGNoZYBQ9p2rWLTsmZAa8Sd0GKZVz9/splLypd+6PdC2jkMwlUEK1brhNCJyYKOBUszbcjzUJCR2TAWoZK4jPdiWe3p/jEKD3cD5QpCXim/p6Iia/1xPdMp09gqJe9qfif14qgf92JuQwjYJLOF/UjgSHA0yBwjytGQUwMIVRxcyumQ6IIBRNX3oTgLr+8SupnJfeydF41aZTRHDl0hI7RKXLRFSqjW1RBNUTRGD2iZ/RipdaT9Wq9zVsz1mLmEP2B9f4DTkSYMg==</latexit>

||U ||row
<latexit sha1_base64="62n35vSuaW51GfAbJ1jxlmEpAV0=">AAAB/HicbVDLSsNAFJ3UR2t9Rbt0M1gEVyURX8uCG5ct2Ae0JUymk3bo5MHMjRiS+CtuXCji1g9x5w+In+H0sdDqgQuHc+6dufe4keAKLOvDKKysrq0XSxvlza3tnV1zb7+twlhS1qKhCGXXJYoJHrAWcBCsG0lGfFewjju5mvqdWyYVD4MbSCI28Mko4B6nBLTkmBWcZe0sc9I+sDtI9YN57phVq2bNgP8Se0Gqddz8+iwVzxqO+d4fhjT2WQBUEKV6thXBICUSOBUsL/djxSJCJ2TEepoGxGdqkM6Wz/GRVobYC6WuAPBM/TmREl+pxHd1p09grJa9qfif14vBuxykPIhiYAGdf+TFAkOIp0ngIZeMgkg0IVRyvSumYyIJBZ1XWYdgL5/8l7RPavZ57bSp06ijOUroAB2iY2SjC1RH16iBWoiiBD2gJ/Rs3BuPxovxOm8tGIuZCvoF4+0bgAKYQw==</latexit>

||V ||col
<latexit sha1_base64="0cl7o12voXlQgldtzpMjoAug66k=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSq2dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlScQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbD+6WkL8=</latexit>

V

<latexit sha1_base64="97Sgedd8xEt3vHCydV4c01H1LEA=">AAAB7XicbZDLSgMxFIbPeK31Vu3STbAILqTMFFGXA25cVrAXaIeSSTNtbCYZkoxQhm58AjcuFHHr+7gQfAOfwZXpZaGtPwQ+/v8ccs4JE860cd1PZ2l5ZXVtPbeR39za3tkt7O3XtUwVoTUiuVTNEGvKmaA1wwynzURRHIecNsLB5Thv3FGlmRQ3ZpjQIMY9wSJGsLFWvU0571Q6hZJbdidCi+DNoOQXP77vv0Yn1U7hvd2VJI2pMIRjrVuem5ggw8owwuko3041TTAZ4B5tWRQ4pjrIJtOO0JF1uiiSyj5h0MT93ZHhWOthHNrKGJu+ns/G5n9ZKzXRRZAxkaSGCjL9KEo5MhKNV0ddpigxfGgBE8XsrIj0scLE2APl7RG8+ZUXoV4pe2fl02uv5PswVQ4O4BCOwYNz8OEKqlADArfwAE/w7Ejn0XlxXqelS86spwh/5Lz9AOJYkxo=</latexit>

`2
<latexit sha1_base64="97Sgedd8xEt3vHCydV4c01H1LEA=">AAAB7XicbZDLSgMxFIbPeK31Vu3STbAILqTMFFGXA25cVrAXaIeSSTNtbCYZkoxQhm58AjcuFHHr+7gQfAOfwZXpZaGtPwQ+/v8ccs4JE860cd1PZ2l5ZXVtPbeR39za3tkt7O3XtUwVoTUiuVTNEGvKmaA1wwynzURRHIecNsLB5Thv3FGlmRQ3ZpjQIMY9wSJGsLFWvU0571Q6hZJbdidCi+DNoOQXP77vv0Yn1U7hvd2VJI2pMIRjrVuem5ggw8owwuko3041TTAZ4B5tWRQ4pjrIJtOO0JF1uiiSyj5h0MT93ZHhWOthHNrKGJu+ns/G5n9ZKzXRRZAxkaSGCjL9KEo5MhKNV0ddpigxfGgBE8XsrIj0scLE2APl7RG8+ZUXoV4pe2fl02uv5PswVQ4O4BCOwYNz8OEKqlADArfwAE/w7Ejn0XlxXqelS86spwh/5Lz9AOJYkxo=</latexit>

`2



Given an            matrix      over the reals, the factorization 
norm      is defined as


where             denotes the maximum     norm of a row of     and 

           denotes the maximum     norm of a column of    .

<latexit sha1_base64="3CvCZ9/5WebmOExHYDVI0Jdgg8c=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcsDG8sI5gOTI+xt9pIlu3vH7p4QjrT+AhtBRWz119j5Q+zdfBSa+GDg8d4Mb2bChDNtXPfLya2s5gtrxfXSxubW9k55d6+h41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNO6o0i+WNGSU0ELgvWcQINla6FahjmKAayW654lbdKdAy8eak4heevuXHfb7WLX92ejFJBZWGcKx123MTE2RYGUY4HZc6qaYJJkPcp21LJbYxQTbdeIyOrNJDUaxsSYOm6u+JDAutRyK0nQKbgV70JuJ/Xjs10UWQMZmkhkoyC4pSjkyMJuejHlOUGD6yBBPF7K6IDLDCxNgnlewTvMWTl0njpOqdVU+vvYrvwwxFOIBDOAYPzsGHK6hBHQhIeIBneHG08+i8Om+z1pwzn9mHP3DefwCysZP3</latexit>m⇥ n
<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="IrrAHCxRhmnfprwqDR7WVbcQqEg=">AAAB73icbZDLSgMxFIbP1Futt6orcWGwCK7KTBF1OeDGZQV7gXYYMmmmDU0mY5IRSunavRsXirj1dbrzOXwB08tCW38IfPz/OeScE6WcaeO6X05uZXVtfSO/Wdja3tndK+4f1LXMFKE1IrlUzQhryllCa4YZTpupolhEnDai/s0kbzxSpZlM7s0gpYHA3YTFjGBjrWa7i4XAYSUsltyyOxVaBm8OJf/oKZTjk+9qWBy3O5JkgiaGcKx1y3NTEwyxMoxwOiq0M01TTPq4S1sWEyyoDobTeUfozDodFEtlX2LQ1P3dMcRC64GIbKXApqcXs4n5X9bKTHwdDFmSZoYmZPZRnHFkJJosjzpMUWL4wAImitlZEelhhYmxJyrYI3iLKy9DvVL2LssXd17J92GmPBzDKZyDB1fgwy1UoQYEODzDK7w5D86L8+58zEpzzrznEP7I+fwBfmeTUA==</latexit>�2

<latexit sha1_base64="gVMmGKtFCiPDM1epu9FLhPoxmTo=">AAAB6HicbZBLSgNBEIZr4ivGV3zs3AwGwVWYEVF3BlzoMgEnCSRD6OlUkjY9PUN3jxCHnMCNC0XcegBP4QncufQmdh4LTfyh4eP/q+iqCmLOlHacLyuzsLi0vJJdza2tb2xu5bd3qipKJEWPRjyS9YAo5Eygp5nmWI8lkjDgWAv6l6O8dodSsUjc6EGMfki6gnUYJdpYFa+VLzhFZyx7HtwpFC4+7r+v3vfSciv/2WxHNAlRaMqJUg3XibWfEqkZ5TjMNROFMaF90sWGQUFCVH46HnRoHxqnbXciaZ7Q9tj93ZGSUKlBGJjKkOiems1G5n9ZI9Gdcz9lIk40Cjr5qJNwW0f2aGu7zSRSzQcGCJXMzGrTHpGEanObnDmCO7vyPFSPi+5p8aTiFkolmCgL+3AAR+DCGZTgGsrgAQWEB3iCZ+vWerRerNdJacaa9uzCH1lvP+1ikL8=</latexit>

U

Conjecture 3 (Hambardzumyan, Hatami, and Hatami 23): A 
Boolean matrix with bounded      norm must contain a linear-
sized constant submatrix.

<latexit sha1_base64="IrrAHCxRhmnfprwqDR7WVbcQqEg=">AAAB73icbZDLSgMxFIbP1Futt6orcWGwCK7KTBF1OeDGZQV7gXYYMmmmDU0mY5IRSunavRsXirj1dbrzOXwB08tCW38IfPz/OeScE6WcaeO6X05uZXVtfSO/Wdja3tndK+4f1LXMFKE1IrlUzQhryllCa4YZTpupolhEnDai/s0kbzxSpZlM7s0gpYHA3YTFjGBjrWa7i4XAYSUsltyyOxVaBm8OJf/oKZTjk+9qWBy3O5JkgiaGcKx1y3NTEwyxMoxwOiq0M01TTPq4S1sWEyyoDobTeUfozDodFEtlX2LQ1P3dMcRC64GIbKXApqcXs4n5X9bKTHwdDFmSZoYmZPZRnHFkJJosjzpMUWL4wAImitlZEelhhYmxJyrYI3iLKy9DvVL2LssXd17J92GmPBzDKZyDB1fgwy1UoQYEODzDK7w5D86L8+58zEpzzrznEP7I+fwBfmeTUA==</latexit>�2

Conjecture 2 (Hambardzumyan, Hatami, and Hatami 23): A 
Boolean matrix with bounded normalized trace norm must 
contain a linear-sized constant submatrix.

<latexit sha1_base64="0du6B05g0BrW1ImgozgAXsQ0THc="></latexit>

�2(M) = min
U,V :M=UV

||U ||row||V ||col,
<latexit sha1_base64="+mx9AyKl7Ckjy+kIIbubNcOBN78=">AAAB+3icbVDJSgNBEO2JS2Lcxnj00hgET2FG3I4BLx4TMAskIfR0OkmTnp6hu0YTZuZXvHhQxKs/4s0fED/DznLQxAcFj/eqqKrnhYJrcJxPK7O2vrGZzW3lt3d29/btg0JdB5GirEYDEaimRzQTXLIacBCsGSpGfE+whje6mfqNe6Y0D+QdTELW8clA8j6nBIzUtQtJUkuSbtwGNoZYBQ9p2rWLTsmZAa8Sd0GKZVz9/splLypd+6PdC2jkMwlUEK1brhNCJyYKOBUszbcjzUJCR2TAWoZK4jPdiWe3p/jEKD3cD5QpCXim/p6Iia/1xPdMp09gqJe9qfif14qgf92JuQwjYJLOF/UjgSHA0yBwjytGQUwMIVRxcyumQ6IIBRNX3oTgLr+8SupnJfeydF41aZTRHDl0hI7RKXLRFSqjW1RBNUTRGD2iZ/RipdaT9Wq9zVsz1mLmEP2B9f4DTkSYMg==</latexit>

||U ||row
<latexit sha1_base64="62n35vSuaW51GfAbJ1jxlmEpAV0=">AAAB/HicbVDLSsNAFJ3UR2t9Rbt0M1gEVyURX8uCG5ct2Ae0JUymk3bo5MHMjRiS+CtuXCji1g9x5w+In+H0sdDqgQuHc+6dufe4keAKLOvDKKysrq0XSxvlza3tnV1zb7+twlhS1qKhCGXXJYoJHrAWcBCsG0lGfFewjju5mvqdWyYVD4MbSCI28Mko4B6nBLTkmBWcZe0sc9I+sDtI9YN57phVq2bNgP8Se0Gqddz8+iwVzxqO+d4fhjT2WQBUEKV6thXBICUSOBUsL/djxSJCJ2TEepoGxGdqkM6Wz/GRVobYC6WuAPBM/TmREl+pxHd1p09grJa9qfif14vBuxykPIhiYAGdf+TFAkOIp0ngIZeMgkg0IVRyvSumYyIJBZ1XWYdgL5/8l7RPavZ57bSp06ijOUroAB2iY2SjC1RH16iBWoiiBD2gJ/Rs3BuPxovxOm8tGIuZCvoF4+0bgAKYQw==</latexit>

||V ||col
<latexit sha1_base64="0cl7o12voXlQgldtzpMjoAug66k=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSq2dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlScQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbD+6WkL8=</latexit>

V

<latexit sha1_base64="97Sgedd8xEt3vHCydV4c01H1LEA=">AAAB7XicbZDLSgMxFIbPeK31Vu3STbAILqTMFFGXA25cVrAXaIeSSTNtbCYZkoxQhm58AjcuFHHr+7gQfAOfwZXpZaGtPwQ+/v8ccs4JE860cd1PZ2l5ZXVtPbeR39za3tkt7O3XtUwVoTUiuVTNEGvKmaA1wwynzURRHIecNsLB5Thv3FGlmRQ3ZpjQIMY9wSJGsLFWvU0571Q6hZJbdidCi+DNoOQXP77vv0Yn1U7hvd2VJI2pMIRjrVuem5ggw8owwuko3041TTAZ4B5tWRQ4pjrIJtOO0JF1uiiSyj5h0MT93ZHhWOthHNrKGJu+ns/G5n9ZKzXRRZAxkaSGCjL9KEo5MhKNV0ddpigxfGgBE8XsrIj0scLE2APl7RG8+ZUXoV4pe2fl02uv5PswVQ4O4BCOwYNz8OEKqlADArfwAE/w7Ejn0XlxXqelS86spwh/5Lz9AOJYkxo=</latexit>

`2
<latexit sha1_base64="97Sgedd8xEt3vHCydV4c01H1LEA=">AAAB7XicbZDLSgMxFIbPeK31Vu3STbAILqTMFFGXA25cVrAXaIeSSTNtbCYZkoxQhm58AjcuFHHr+7gQfAOfwZXpZaGtPwQ+/v8ccs4JE860cd1PZ2l5ZXVtPbeR39za3tkt7O3XtUwVoTUiuVTNEGvKmaA1wwynzURRHIecNsLB5Thv3FGlmRQ3ZpjQIMY9wSJGsLFWvU0571Q6hZJbdidCi+DNoOQXP77vv0Yn1U7hvd2VJI2pMIRjrVuem5ggw8owwuko3041TTAZ4B5tWRQ4pjrIJtOO0JF1uiiSyj5h0MT93ZHhWOthHNrKGJu+ns/G5n9ZKzXRRZAxkaSGCjL9KEo5MhKNV0ddpigxfGgBE8XsrIj0scLE2APl7RG8+ZUXoV4pe2fl02uv5PswVQ4O4BCOwYNz8OEKqlADArfwAE/w7Ejn0XlxXqelS86spwh/5Lz9AOJYkxo=</latexit>

`2



Well known fact: 
<latexit sha1_base64="ptpwguD+Exse4XgbDCeF7DiFKDo="></latexit>

||M ||trp
mn

 �2(M)



Theorem(B., Hambardzumyan, Tomon): Conjecture 3 is 
equivalent to conjecture 2.

Well known fact: 
<latexit sha1_base64="ptpwguD+Exse4XgbDCeF7DiFKDo="></latexit>

||M ||trp
mn

 �2(M)



Main Theorem (B., Hambardzumyan, and Tomon): Conjectures 2 
and 3 hold. In particular, any           Boolean matrix      with 

                   has an            constant submatrix where                         

<latexit sha1_base64="koOTnM8dVTXTdgxpDAcbLkr+OMA=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcuAjWUE84HJEfY2m2TJ3t6xOyeEI62/wEZQEVv9NXb+EHs3H4UmPhh4vDfDm5kglsKg6345mZXVbG4tv17Y2Nza3inu7tVNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPLid+449qISN3gKOZ+SPtK9ASjaKVbRdooQm6I6hRLbtmdgiwTb05KldzTt/q4z1Y7xc92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqqI3x0+nGY3JklS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/BToeIEuWKzoF4iCUZkcj7pCs0ZypEllGlhdyVsQDVlaJ9UsE/wFk9eJvWTsndWPr32SpUKzJCHAziEY/DgHCpwBVWoAQMFD/AML45xHp1X523WmnHmM/vwB877D7Q+k/g=</latexit>n⇥ n
<latexit sha1_base64="fuuZHvlVVV+5F8vVmvJA3qoHp8A=">AAAB83icbVA9SwNBEJ1TE2P8ilraLAaJVbgTUcuAjWUE8wG5EPY2e8mSvb1jd04IIa0/wUZBEUv9M3b+EHs3H4UmPhh4vDfDzLwgkcKg6345K6trmex6biO/ubW9s1vY26+bONWM11gsY90MqOFSKF5DgZI3E81pFEjeCAZXE79xx7URsbrFYcLbEe0pEQpG0Uq+KhEfRcQNUaVOoeiW3SnIMvHmpFjJPn2r9/tMtVP49LsxSyOukElqTMtzE2yPqEbBJB/n/dTwhLIB7fGWpYraPe3R9OYxObZKl4SxtqWQTNXfEyMaGTOMAtsZUeybRW8i/ue1Ugwv2yOhkhS5YrNFYSoJxmQSAOkKzRnKoSWUaWFvJaxPNWVoY8rbELzFl5dJ/bTsnZfPbrxipQIz5OAQjuAEPLiAClxDFWrAIIEHeIYXJ3UenVfnbda64sxnDuAPnI8fegGUWg==</latexit>

n0 ⇥ n0

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="Wo/0+AsTBrLlSREVj1pCmkfpQik=">AAAB/XicbVDLSgMxFM3UR2t9jY+dm2AR6qbMFF8bYcCNG6EF+4B2KJk004YmmSHJCHUo/oobF4q49T/c+QPiZ5g+Ftp64MLJOfeSe08QM6q043xamaXlldVsbi2/vrG5tW3v7NZVlEhMajhikWwGSBFGBalpqhlpxpIgHjDSCAZXY79xR6SikbjVw5j4HPUEDSlG2kgde7/dQ5yjTrl4cwwv4exlF5ySMwFcJO6MFDxY/f7KZU8rHfuj3Y1wwonQmCGlWq4Taz9FUlPMyCjfThSJER6gHmkZKhAnyk8n24/gkVG6MIykKaHhRP09kSKu1JAHppMj3Vfz3lj8z2slOrzwUyriRBOBpx+FCYM6guMoYJdKgjUbGoKwpGZXiPtIIqxNYHkTgjt/8iKpl0vuWemk6hY8D0yRAwfgEBSBC86BB65BBdQABvfgETyDF+vBerJerbdpa8aazeyBP7DefwAXypak</latexit>

�2(M) = �
<latexit sha1_base64="JcN6w/rP/JQx08ZIqL1FIMD+BSM=">AAACBnicbVDLSgMxFM3UVx8+al2KECxiBR1mqqjLght3VrQP6ItMmrahSWZMMkIZunLjr7hxoYhb/0Bw59+YPhbaeuDC4Zx7ufceL2BUacf5tmILi0vLK/FEMrW6tr6R3syUlR9KTErYZ76sekgRRgUpaaoZqQaSIO4xUvH6FyO/ck+kor641YOANDjqCtqhGGkjtdI7Yh/Wu+QO5pvREbzK1buIc9Q8PoBDKOxWOuvYzhhwnrhTki1kUjfFxOFnsZX+qrd9HHIiNGZIqZrrBLoRIakpZmSYrIeKBAj3UZfUDBWIE9WIxm8M4Z5R2rDjS1NCw7H6eyJCXKkB90wnR7qnZr2R+J9XC3XnvBFREYSaCDxZ1AkZ1D4cZQLbVBKs2cAQhCU1t0LcQxJhbZJLmhDc2ZfnSTlvu6f2ybWbLRTABHGwDXZBDrjgDBTAJSiCEsDgATyBF/BqPVrP1pv1PmmNWdOZLfAH1scPEHiYhA==</latexit>
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Theorem(B., Hambardzumyan, Tomon): Conjecture 3 is 
equivalent to conjecture 2.
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Main Theorem (B., Hambardzumyan, and Tomon): Conjectures 2 
and 3 hold. In particular, any           Boolean matrix      with 

                   has an            constant submatrix where                         
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Theorem (B., Hambardzumyan, and Tomon): Let  and  be 
sufficiently large with respect to . Then there exists an  
Boolean matrix  such that , and  contains no  
constant submatrix for .                   

γ ≥ 3 n
γ n × n

M γ2(M) ≤ γ M t × t
t ≥ 2−γ+3n

Theorem(B., Hambardzumyan, Tomon): Conjecture 3 is 
equivalent to conjecture 2.

Well known fact: 
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Theorem (B., Hambardzumyan, and Tomon): Given a Boolean 
matrix  such that the bipartite graph it represents has 
degeneracy  and is 4-cycle-free, we have .

M
d γ2(M) = Θ( d)



Theorem (Hunter, Milojević, Sudakov, Tomon 25): For any , 
there exists  such that if  is a bipartite graph of average 
degree  having no 4-cycle-free induced subgraph with 
average degree at least , then  contains a subgraph on at 
most  vertices with at least  edges.
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d
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M
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Theorem (Hunter, Milojević, Sudakov, Tomon 25): For any , 
there exists  such that if  is a bipartite graph of average 
degree  having no 4-cycle-free induced subgraph with 
average degree at least , then  contains a subgraph on at 
most  vertices with at least  edges.

k
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d
k G
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Stronger Main Theorem (B., Hambardzumyan, and Tomon): For 
any , there exists  such that if an  Boolean matrix  
has  one-entries and , then  must contain a  
all-ones submatrix where .

γ cγ > 0 n × n M
m γ2(M) = γ M t × t

t ≥ cγm/n

Theorem (B., Hambardzumyan, and Tomon): Given a Boolean 
matrix  such that the bipartite graph it represents has 
degeneracy  and is 4-cycle-free, we have .

M
d γ2(M) = Θ( d)



MaxCut

Theorem(Edwards 73, 75): Any graph  with  edges has a 
MaxCut of at least , with equality 
whenever  is a complete graph on an odd number of vertices.
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MaxCut of at least , with equality 
whenever  is a complete graph on an odd number of vertices.
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Theorem (B., Hambardzumyan, and Tomon): If  is the 
adjacency matrix of a graph with  edges, then its MaxCut is at 
least .
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MaxCut

Theorem(Edwards 73, 75): Any graph  with  edges has a 
MaxCut of at least , with equality 
whenever  is a complete graph on an odd number of vertices.

G m
m/2 + ( 8m + 1 − 1)/8

G

Theorem (B., Hambardzumyan, and Tomon): If  is the 
adjacency matrix of a graph with  edges, then its MaxCut is at 
least .

A
m

m/2 + Ω( | |A | |tr )

Theorem (B., Hambardzumyan, and Tomon): If a graph with  
edges has MaxCut at most , then it contains a 
clique of size .

m
m/2 + α m

2−O(α9) m
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In operator theory, it is an open question to characterize 
idempotent Schur multipliers in terms of contractive 
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Operator theory and harmonic analysis
In operator theory, it is an open question to characterize 
idempotent Schur multipliers in terms of contractive 
idempotents.

Conjecture 4 (Hambardzumyan, Hatami and Hatami 23): A 
Boolean matrix with bounded      norm must be a      -linear 
combination of a bounded number of blocky matrices.
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A blocky matrix is any Boolean matrix with the property that 
after permuting the rows and columns, it is a block diagonal 
matrix with each block being an all-ones rectangle.
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In operator theory, it is an open question to characterize 
idempotent Schur multipliers in terms of contractive 
idempotents.

Conjecture 4 (Hambardzumyan, Hatami and Hatami 23): A 
Boolean matrix with bounded      norm must be a      -linear 
combination of a bounded number of blocky matrices.
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A blocky matrix is any Boolean matrix with the property that 
after permuting the rows and columns, it is a block diagonal 
matrix with each block being an all-ones rectangle.
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For matrices which can be written as                           , where

                 is a function on a finite group    , conjecture 4 
follows from Cohen's idempotent theorem.

<latexit sha1_base64="BkgIQD1PYUT37c2EO19fKYpKCwg=">AAAB+XicbVDLSsNAFJ3UV62vqEtBhhahgpZERN0IATduhAr2AW0Ik+mkDp1kwsykNISu/A03XSji1j9x56e4c/pYaOuBC4dz7uXee/yYUaks68vILS2vrK7l1wsbm1vbO+buXl3yRGBSw5xx0fSRJIxGpKaoYqQZC4JCn5GG37sZ+40+EZLy6EGlMXFD1I1oQDFSWvJM887LBifpEF7DoDw4TY89s2RVrAngIrFnpOQUR0/fhx1e9czPdofjJCSRwgxJ2bKtWLkZEopiRoaFdiJJjHAPdUlL0wiFRLrZ5PIhPNJKBwZc6IoUnKi/JzIUSpmGvu4MkXqU895Y/M9rJSq4cjMaxYkiEZ4uChIGFYfjGGCHCoIVSzVBWFB9K8SPSCCsdFgFHYI9//IiqZ9V7IvK+b1dchwwRR4cgCIoAxtcAgfcgiqoAQz64Bm8gFcjM0bGm/E+bc0Zs5l98AfGxw9Nv5XS</latexit>

Mx,y = f(x� y)
<latexit sha1_base64="6DoHU9IWYA/oEr2SnL6Ovcf82IA=">AAACBXicbVDLSsNAFJ3UV62vqCtRcLAIrkoiouIq4EKXVewDmhAm00k7dJIJMxOlhG7c9FfcuFDErf/Qnd/hDzhpu9DqgQuHc+7l3nuChFGpLOvTKMzNLywuFZdLK6tr6xvm5lZd8lRgUsOccdEMkCSMxqSmqGKkmQiCooCRRtC7zP3GPRGS8vhO9RPiRagT05BipLTkm3shvIBX0BW001VICP4A3QipbhBktwPfLFsVawz4l9hTUnZ2hj4f7X9VfXPktjlOIxIrzJCULdtKlJchoShmZFByU0kShHuoQ1qaxigi0svGXwzgoVbaMORCV6zgWP05kaFIyn4U6M78Qjnr5eJ/XitV4bmX0ThJFYnxZFGYMqg4zCOBbSoIVqyvCcKC6lsh7iKBsNLBlXQI9uzLf0n9uGKfVk5u7LLjgAmKYBccgCNggzPggGtQBTWAwSN4Ai/g1Rgaz8ab8T5pLRjTmW3wC8bHNzN+m3k=</latexit>

f : G ! R
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G



Operator theory and harmonic analysis

Theorem (Goh and Hatami 25): For any Boolean matrix  
having  many one-entries, there exists a blocky matrix  with 
at least  one-entries, where , such that  is 
``contained’’ in , i.e.  for all .

M
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Operator theory and harmonic analysis

Theorem (Goh and Hatami 25): For any Boolean matrix  
having  many one-entries, there exists a blocky matrix  with 
at least  one-entries, where , such that  is 
``contained’’ in , i.e.  for all .

M
m B
m/22O(γ) γ2(M) = γ B

M Bx,y ≤ Mx,y x, y

Theorem (Goh and Hatami 25): Any  Boolean matrix  
with  is a -linear combination of at most 

 blocky matrices.

n × n M
γ2(M) = γ ±1

2O(γ7)(log n)2

Uses our main theorem.



Spectral graph theory

Theorem (B., Hambardzumyan, and Tomon): For any symmetric 
matrix  with zeroes on the diagonal, we haveM

γ2(M) ≤ − 2λn(M) .



Spectral graph theory

Theorem (B., Hambardzumyan, and Tomon): For any symmetric 
matrix  with zeroes on the diagonal, we haveM

γ2(M) ≤ − 2λn(M) .

Theorem (B., Hambardzumyan, and Tomon): For any , there 
exists  such that if a graph has average degree  and 
smallest eigenvalue , then it contains a clique on at 
least  vertices.

λ
cλ > 0 d

λn = − λ
cλd



Main Theorem (B., Hambardzumyan, and Tomon): Any  
Boolean matrix  with  has an  constant 
submatrix where .

n × n
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n′￼≥ 2−O(γ3)n
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Main Theorem (B., Hambardzumyan, and Tomon): Any  
Boolean matrix  with  has an  constant 
submatrix where .

n × n
M γ2(M) = γ n′￼× n′￼

n′￼≥ 2−O(γ3)n

Key Lemma: Let  be a nonzero  Boolean matrix with 
 and . Then  contains an  submatrix 

 such that , , and .
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Main Theorem (B., Hambardzumyan, and Tomon): Any  
Boolean matrix  with  has an  constant 
submatrix where .

n × n
M γ2(M) = γ n′￼× n′￼

n′￼≥ 2−O(γ3)n

Key Lemma: Let  be a nonzero  Boolean matrix with 
 and . Then  contains an  submatrix 

 such that , , and .

M n × n
p(M) ≤ 1/2 γ2(M) ≤ γ M n′￼× n′￼

M′￼ γ2(M′￼) ≤ γ − Ω(1/γ) n′￼≥ 2−O(γ)n p(M′￼) ≤ 1/2

For an  Boolean matrix , we define its density  to 
be the number of ones divided by .

n × n M p(M)
n2

Proof of Main Theorem (assuming the Key Lemma): Note that 
it suffices to show that if , then  has an  zero 
submatrix where .

p(M) ≤ 1/2 M n′￼× n′￼

n′￼≥ 2−O(γ3)n



Indeed, if , then we can instead apply the argument 
that will follow to  (since  
and ) to get a linear-sized zero submatrix of 

, which corresponds to an all-ones submatrix of .

p(M) > 1/2
J − M γ2(J − M) ≤ γ2(J) + γ2(M) = γ + 1

p(J − M) < 1/2
J − M M



Indeed, if , then we can instead apply the argument 
that will follow to  (since  
and ) to get a linear-sized zero submatrix of 

, which corresponds to an all-ones submatrix of .

p(M) > 1/2
J − M γ2(J − M) ≤ γ2(J) + γ2(M) = γ + 1

p(J − M) < 1/2
J − M M

Now assume  and as long as we don’t get a zero 
matrix, repeatedly apply the Key Lemma to get a sequence of 
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Indeed, if , then we can instead apply the argument 
that will follow to  (since  
and ) to get a linear-sized zero submatrix of 

, which corresponds to an all-ones submatrix of .
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Now assume  and as long as we don’t get a zero 
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We say that the row  is brilliant if  and .r ur ≠ 0
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∑
i=1

⟨ur, ui⟩2 ≥ dr
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Lemma: Let  be a nonzero Boolean matrix and let . 
Then there is either a brilliant row or a brilliant column.

M M = UV

Proof: Assume for sake of contradiction that there are no 
brilliant rows or columns.

Then

However, , , and  all count the number of 

ones in , a contradiction.

m

∑
r=1

dr

n

∑
c=1

d′￼c

m

∑
i=1

n

∑
j=1

M2
i,j

M ⇤
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small, and since , we can replace  by an  
submatrix  such that  and each row or column 
of  has at most  ones.

M γ2(M)
p(M) ≤ 1/2 M n0 × n0

M(0) n0 ≥ 2−O(γ)n
M(0) 0.1n0

Let  be a factorization such that  
and .

U(0)V(0) = M(0) | |U(0) | |row ≤ γ
| |V(0) | |col ≤ γ

Repeat the following procedure. Suppose  is 
already defined, where the size of  is . Stop if either (a) 
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Case 2: If there is no brilliant row, then by the previous lemma, 
there is a brilliant column and we proceed similarly to the 
previous case (but with roles of  and  reversed).U V

Note that this process must stop at some point since at each 
step, we are making a vector  by projecting. So let  be the 
step at which the process stopped.
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taking any  submatrix of . 

M(I)
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Since at each step we lose at most  rows or columns and 
we didn’t stop at step , we must have  and 
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Finally, let  and note that on 
average, a random  submatrix  of  will satisfy 

.

m = min(m′￼, nI) ≥ n0/(4γ2) ≥ 2−O(γ)n
m × m N N′￼
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Choose such a submatrix .N

The scenario in which (c) occurs can be handled in a similar way.
⇤

 is the desired matrix since .N γ2(N) ≤ γ2(N′￼) ≤ γ − Ω(1/γ)




